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Zusammenfassung
Bis vor kurzem war die nichtlineare Wechselwirkung zwischen Licht und Materie auf
nur niedrige Photonenenergien beschra¨nkt, die von optischen Lasern erzeugt wurden.
Vor etwa einem Jahrzehnt jedoch revolutionierte der Aufstieg von Freie-Elektronen-
Laseranlagen das Feld der nichtlinearen Wechselwirkung zwischen Licht und Materie,
indem sie intensive, energiereiche Lichtimpulse lieferten. Heute werden solche Laser
fu¨r die Forschung in den Bereichen Materialwissenschaften, chemische Technologie,
Biophysik, Festko¨rperphysik sowie fu¨r die Grundlagenforschung eingesetzt. Es sind
die neuen experimentellen Mo¨glichkeiten, die Freie-Elektronen-Laser bieten, die die in
dieser Arbeit vorgestellten Arbeiten motiviert haben.
Der Zwei-Photonen-Ionisationsprozess ist eine der einfachsten nichtlinearen Wech-
selwirkungen, bei denen die Absorption von zwei Photonen durch ein Atom (oder
ein Moleku¨l) dazu fu¨hrt, dass eines seiner gebundenen Elektronen zum Kontinuum
befo¨rdert wird. Diese Arbeit pra¨sentiert Studien zur Zwei-Photonen-Ionisation neu-
traler Atome. Nach einer kurzen historischen Einfu¨hrung in das Thema der nicht-
linearen Wechselwirkung zwischen Licht und Materie wird die Dichtematrix abgeleitet,
die den Zustand eines Atoms und eines Photoelektronens nach der Zwei-Photonen-
Ionisation beschreibt. Die Dichtematrix entha¨lt die vollsta¨ndigen Informationen u¨ber
das Gesamtsystem bestehend aus einem Photoion und einem Photoelektron. In jedem
nachfolgenden Kapitel wird ein Teil dieser Dichtematrix verwendet, um charakteris-
tische Gro¨ßen wie den gesamten Zwei-Photonen-Ionisationsquerschnitt, die Winkel-
verteilungen der Photoelektronen, die Ionenpolarisation oder sogar die physikalischen
Eigenschaften des Fluoreszenzphotons zu erhalten, das durch den nachfolgenden Zer-
fall des erzeugten Photoions wird. Die physikalischen Eigenschaften dieser Gro¨ßen
sowie interessante Pha¨nomene wie elliptischer Dichroismus, Polarisationstransfer und
relativistische und Screening-Effekte werden untersucht.
Bei der Ein-Photon-Ionisationprozess wird die Photonenenergie, fu¨r die der domi-
nante Ionisationskanal verschwindet, als Cooper-Minimum bezeichnet. Dieses Konzept
wird auf die nichtlineare Ionisation von Atomen ausgedehnt und die Wirkung des Mini-
mums auf alle oben genannten Gro¨ßen untersucht. In dieser Arbeit wird gezeigt, dass
das nichtlineare Cooper-Minimum zu starken Variationen praktisch aller beobachtbaren
Gro¨ßen des Zwei-Photonen-Ionisationsprozesses fu¨hrt. Beispielsweise kann der Polari-
sationstransfer von dem einfallenden zum fluoreszierenden Photon maximiert werden,
ebenso wie der elliptische Dichroismus bei der Winkelverteilung von Photoelektronen.
Weiterhin wird vermutet, dass die Detektion der Energieposition des nichtlinearen
Cooper-Minimums zu einem Vergleich von experimentellen Messungen und theoreti-
schen Berechnungen mit bisher unerreichter Genauigkeit fu¨hren ko¨nnte.

Summary
Until recently, the nonlinear interaction between light and matter has been restricted
to only low photon energies produced by optical lasers. However, about a decade
ago, the rise of free-electron laser facilities revolutionized the field of nonlinear light-
matter interaction by delivering intense high-energy light pulses. Today, such lasers are
used for research in materials science, chemical technology, biophysical science, solid-
state physics as well as fundamental research. It is the new experimental possibilities
provided by free-electron lasers that motivated the work presented in this thesis.
Two-photon ionization process is one of the simplest nonlinear interactions in which
absorption of two photons by an atom (or a molecule) leads to promoting one of its
bound electrons to continuum. This work presents studies of two-photon ionization
of neutral atoms. After a brief historical introduction to the topic of nonlinear light-
matter interaction, the density matrix describing the state of an atom and a photo-
electron following two-photon ionization is derived. The density matrix contains the
complete information about the overall system consisting of a photoion and a pho-
toelectron. In each successive chapter, part of this density matrix is used to obtain
characteristic quantities such as total two-photon ionization cross section, photoelec-
tron angular distributions, ion polarization or even degree of polarization of fluores-
cence photon produced by subsequent decay of the photoion. Physical properties of
these quantities are studied and intriguing phenomena, such as elliptical dichroism,
polarization transfer as well as relativistic and screening effects are investigated.
In one-photon ionization, the photon energy for which the dominant ionization
channel vanishes is called the Cooper minimum. This concept is extended to nonlinear
ionization of atoms and the effect of the minimum on all above mentioned quanti-
ties is studied. In this work it is shown, that the nonlinear Cooper minimum leads
to strong variation in practically all observables of the two-photon ionization process.
For example, the polarization transfer from the incident to fluorescence photon can
be maximized and so can be the elliptical dichroism in photoelectron angular distri-
butions. Furthermore, it is theorized, that detection of the energy position of the
nonlinear Cooper minimum could lead to comparison of experimental measurements
and theoretical calculations at hitherto unreachable accuracy.
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1 Introduction
When atoms are exposed to electromagnetic radiation with a frequency above a certain
threshold, the radiation may be absorbed and electrons are emitted. This phenomena
was discovered by Heinrich Hertz and Wilhelm Hallwachs in 1887 and is called the
photoelectric effect, or photoionization. In 1900, the German physicist Max Planck
suggested that the energy carried by electromagnetic waves could only be released in
packets of energy. In 1905, Albert Einstein advanced Planck’s hypothesis and utilized
the idea that light energy is carried in discrete quantized packets to explain the pho-
toionization process, which was a key step in the development of quantum mechanics.
The necessity for electromagnetic radiation to have a frequency above a certain (ion-
ization) threshold was explained. However, is there really a strict limit on the light
frequency in order to free an electron from an atom?
Simultaneous absorption of two light quanta was first suggested by Marie Go¨ppert-
Mayer who also worked out the corresponding theoretical formalism in 1931 [1]. The
theoretical work lead to a prediction, that an atom can be ionized by light even if its
frequency does not overcome the ionization threshold, however only under the condition
that several photons are absorbed. This idea was, however, decades ahead of its time
as the experimental possibilities to observe such process were not yet attainable at the
time. Generally, multi-photon absorption cross sections are low, and hence, intense
light sources are required to experimentally induce such interactions. It is therefore
no wonder that further progress in studies of nonlinear light-matter interaction (where
two or more photons interact with an atom) was achieved only after the invention of
the technique of light amplification by stimulated emission of radiation (better known
by its acronym laser), in the 1960s [2].
The ability to amplify light to very high intensities opened up new possibilities for
applications in industry as well as in many field of scientific research. In atomic physics,
lasers made it possible to observe nonlinear processes such as multiphoton absorption
[3–6], where multiple photons are absorbed by an atom and one electron is emitted,
two-photon double ionization [7–10] during which absorption of two photons leads
to emission of two electrons, or tunnel ionization [11, 12], where the strong laser field
distorts the atomic Coulomb potential and allows for the bound electrons to tunnel out.
Although these processes share similar characteristics, the theoretical approaches how
to calculate them vary according to the relative strength of the nuclear Coulomb and the
radiation fields. To determine the dominance of tunneling or multi-photon ionization,
Keldysh introduced a parameter γ = ω
√
2m|E0|/(eε0) [11], with electron binding
energy E0 and the field amplitude ε0. The Keldysh parameter draws a line between the
tunneling (γ < 1) and multi-photon absorption regimes (γ > 1). While in the tunneling
regime, it is important to account for the intensity of the radiation field in the atomic
Hamiltonian and the Coulomb potential of the nucleus plays a secondary role (in so
called strong field approximation the Coulomb potential is neglected for the continuum
electron), in the multi-photon absorption regime it is vice versa. In this thesis, we will
be strictly concerned only with the multi-photon regime, however, it is worth pointing
out the successes of the strong field ionization which is often applied within the strong-
field approximation or in the framework of the time-dependent Schro¨dinger theory.
This approach has successfully described the high-harmonic generation in atoms and
molecules with incident plane [13, 14] or twisted photon field [15], and has even been
extend to account for higher multipole orders in above-threshold ionization by spatially
structured light beams [16].
The first observations of many-photon absorption were reported already in 1960s
from measurements of two-photon excitation of inorganic crystals and cesium vapor
[17, 18]. Only few years later, also the two-photon ionization was observed for the first
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time [19]. The theoretical efforts to describe the first evidence of nonlinear light matter
interaction went hand in hand with the experiments, see e.g. [20–23] for the pioneering
publications. In one of them, Zernik [21] analysed the dependence of the total two-
photon ionization cross section on the nuclear charge and introduced a scaling law which
relates the cross sections for two-photon ionization of K shell electrons of an arbitrary
atom to the corresponding cross section for ionization of hydrogen atom. This scaling
law estimates the cross sections for ionization of an atom with nuclear charge Z to be
σ(Z) = Z−6σ(Z = 1). This law is still often used for a comparison of two-photon K
shell ionization experiments [24–27] with which it reaches a good agreement. By now,
the study of two-photon ionization of hydrogen-like atoms has been carried out in much
detail, including the analysis of the relativistic and retardation effect contributions to
the process as well as two-photon above-threshold ionization, where two photons are
absorbed an atom, but already one has enough energy to ionize it [28–31].
Although lasers started off the research of nonlinear light-matter interaction and
still play an important role in it today, the available photon energies are restricted to
few electronvolts (eVs). This means that lasers are well suited to probe the dynamics
of outer shell electrons, but unfortunately, do not provide means to investigate inner-
shell electrons. Very common source of X-rays (often used for medical applications)
are X-ray tubes, which consist of a vacuum tube in which electrons accelerate to high
energies of about 50 keV, strike a metal target and generate unpolarized X-rays by
bremsstrahlung or X-ray fluorescence. However, the intensity of the pulses is generally
insufficient to drive a nonlinear process. Other light sources, such as synchrotron facil-
ities, can produce polarized photon pulses of even higher energies, but suffer from the
same beam intensity limitations. Another promising alternative for studying nonlinear
light-matter interaction with XUV photons was based on high-harmonic generation
produced by a tabletop lasers. Although there were successful experiments carried
out about two decades ago [32–34], the loss of intensity in the process of generation
of the high-harmonic orders is large, which significantly lowers the potential of this
experimental technique.
Both, X-ray tubes and synchrotron radiation sources are incoherent light sources.
In the visible light spectrum laser generates coherent radiation. In 1971, Madey in-
troduced the concept of coherent XUV and x-ray light source, the free-electron laser
(FEL) [35]. His original design consisted of a linear accelerator, an undulator magnet,
two mirrors and an input electromagnetic wave, which generates stimulated emission
from the electrons, amplifying the input wave. The lack of materials to manufac-
ture mirrors to reflect XUV and X-ray light pulses lead to a creation of single pass
free-electron lasers. After much theoretical as well as experimental research aiming to
improve the functionality of free-electron lasers, the first large scale facilities were build
about thirty years later after the Madey’s publication and many more followed in the
following decades, see e.g. [36] for detailed historical development.
The access to high energetic intense light pulses provided by free-electron facilities
opened plethora of new opportunities to study the interaction of light with matter.
One of the main challenge is to understand the complete electron dynamics of many-
electron atoms upon interacting with the free-electron laser pulses. Atoms in these
strong light fields reach high atomic charge states by means of many-photon multiple
ionization which has been driving experimental as well as theoretical progress until
today [37–46]. From theoretical side, the need for many-electron theory to describe the
sequential as well as nonsequential ionization steps and subsequent Auger dynamics be-
came unavoidable, which resulted in rigorous many-electron description of two-photon
above-threshold ionization [47, 48] or in development of publicly available codes to
treat the theoretical description of fundamental x-ray-atom interaction [49] as well as
more general codes for providing tools for performing atomic structure calculations and
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transition amplitudes to describe light-matter interaction [50]. From another point of
view, the possibility to produce very short pulses at free-electron lasers or to over-
lap these pulses with intense optical light fields resulted in need to account for the
beam properties and laser induced effect, such as Stark shift. This motivation has
pushed forward the progress of time-dependent perturbation theory treatment as well
as time-dependent solutions of the Schro¨dinger equation [43, 51–55].
Instead of studying the complete electron dynamics of an atom upon irradiation
by a free-electron laser pulse, some experiments concentrated on describing individual
nonlinear processes happening during the interaction. This is where we return to the
process of two-photon ionization of atom. Owing to the new possibilities provided
by the free-electron lasers, the fundamental two-photon ionization process can be in-
vestigated from new perspectives. For example, it became possible to study one of
the simplest elements, the helium atom, which was out of reach for the optical lasers.
Free-electron lasers are capable of producing any photon energy to drive a bound-bound
transition or to ionize the helium atom. This allowed to study the photoelectron an-
gular distributions in the case of direct two-photon ionization of helium [56, 57] as
well as in the case of pumping the helium atom with an XUV pulse and then ionizing
the electrons from Rydberg states with two IR photons [58]. But the photon energies
accessible by free-electron lasers go far beyond tens of electronvolts. There have been
number of experiments using nonlinear absorption by 1s electrons of solids to inves-
tigate the relation between one- and two-photon absorption or to access (one-photon
absorption) dipole forbidden states [24–27].
Free-electron lasers also offered a new view on some well-known effects such as the
Cooper minimum. The Cooper minimum in one-photon ionization process [59, 60] de-
scribes the incident photon energy at which the dominant ionization channel vanishes.
This behavior is strongly projected into observable quantities such as total cross sec-
tion and photoelectron angular distributions. Cooper minimum does not only influence
the magnitude of the total cross section, but more significantly, can strongly affect the
photoelectron angular distributions [61]. It has been shown theoretically before [62],
that strong anisotropic effects can be observed near Cooper minima due to relativis-
tic and correlation effects, which are necessary to explain experimental measurements
[61, 63]. Recently, free-electron laser pulses have been used to study the asymmetry
of photoelectron angular distribution in photoionization of argon atoms at the Cooper
minimum and it has been shown that the induced effects increase with the charge state
of the target atom [46].
This thesis is dedicated to a detailed study of the two-photon ionization process.
Using the independent particle approximation and relativistic second-order perturba-
tion theory, the transition amplitudes describing the two-photon ionization process are
calculated. These transition amplitudes are the building blocks used within density ma-
trix theory to describe the most common observables relevant for an ionization process.
Moreover, the analysis of the transition amplitude yielded an extension of the concept
of Cooper minimum to the nonlinear regime. This nonlinear Cooper minimum strongly
alters the observable quantities and gives us unique opportunity to study relativistic
effects or to probe the theoretical representation of the complete atomic spectrum.
With the ever increasing power of free-electron lasers, we are reaching the point,
where we are able to probe strongly bound electrons of atomic systems where relativistic
effect may play a significant role. For this reason, we concentrate our discussion to
ionization of deeply bound electrons and apart for few exceptions, we will present
calculations for two-photon ionization of K and L shell electrons only. Nevertheless, the
theoretical description provided in this work is general and applicable to other electron
shells. Although we base our theoretical description on relativistic approach, two-
photon ionization also gives rise to many interesting effects which have nonrelativistic
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nature and relativistic description would be unnecessarily complex or even confusing.
For this reason, the so called top to bottom approach is used throughout this thesis.
We always start with a general fully relativistic description, however, then we reduce
our formalism to nonrelativistic limits in which we neglect the electron spin degree of
freedom and consider electron wave functions as solutions of Schro¨dinger equation. In
evaluating two-photon ionization cross sections, the various contributions of relativistic
description are evaluated and their importance analysed.
This thesis is structured as follows. In chapter 2, we introduce the theoretical
machinery needed for the description of the two-photon ionization process. Brief intro-
duction to the Dirac equation as well as to basics of density matrix theory is provided.
Finally, the density matrix describing the final state of an atomic system after a two-
photon ionization process is derived. The main purpose of this thesis is to analyze
individual properties of this density matrix. The analysis starts in chapter 3 with the
most basic quantity used to describe a physical process, the total cross section. The de-
pendence of the total two-photon ionization cross section on nuclear charge, photon en-
ergy and polarization is discussed and specific examples are presented to illustrate this
dependence. Moreover, individual contributions to relativistic effects are investigated.
In chapter 4, the photoelectron angular distributions are studied. The dependence of
electron emission direction on the incident photon polarization is studied and relativis-
tic effects are evaluated. The phenomenon of elliptical dichroism is introduced and its
origin is explained. Moreover, the conditions needed to achieve a maximum elliptical
dichroism are laid out and a suggestion how to fulfill these conditions is proposed.
Chapter 5 discusses the magnetic state of the produced photoion. The possibility to
produce a polarized photoion by two-photon ionization is exploited and the depen-
dence of the polarization transfer from the incident photon to the photoion on photon
properties is analyzed. In the case of two-photon ionization of inner-shell electrons, the
produced photoion is in an excited state and a possible subsequent relaxation process is
the radiative decay. Chapter 6 investigates the properties of the photon emitted during
the radiative decay. The degree of polarization of this photon carries the information of
atomic structure as well as the magnetic state of the photoion. Finally, chapter 7 offers
a summary of this thesis and discusses interesting opportunities for future research
which would continue the efforts presented in this thesis. Some materials from our own
previous publications [64–68] have been used in writing this thesis. Relativistic units
will be used throughout this thesis unless otherwise stated (h¯ = c = me = 1).
4
2 Theoretical Formalism for Description of Two-Photon Atomic
Ionization
It is the aim of this chapter to give a brief introduction to relativistic atomic theory
and to lay out the basic description of two-photon ionization, which will serve later
for detailed analysis of this second-order process. Using the Dirac equation, we first
describe the wave functions governing the motion of electrons in an atom without
the presence of an external field. The interaction between individual electrons of a
many-electron atom is represented by a mean field potential. This approximation is
called the independent particle approximation and will be used throughout this work.
The interaction between the atom and electromagnetic field is described using the
second-order perturbation theory. In the second part of this chapter, we utilize these
basic principles to obtain the transition amplitude describing the two-photon ionization
process. As the transition amplitude is the key quantity to describe the two-photon
ionization process itself, we analyze its properties and discuss the approach for its
numerical evaluation. Finally, we introduce the concept of density matrices and derive
a general density matrix for the final state of the considered system which consists of
an ionized atom and a photoelectron.
2.1 Brief introduction to atomic theory
Dirac equation is the relativistic wave equation for spin-1/2 particles. It is, therefore,
capable of describing electrons in atoms, including the fine structure of the atomic
states. In the independent particle picture, the Dirac orbital |nκm〉, characterised by
the principal quantum number n, the relativistic angular momentum κ and projection
of the total angular momentum m, satisfies the single-particle time-independent Dirac
equation
Hˆ0(r) |nκm〉 = nκ |nκm〉 , (2.1)
where me is the electron rest mass, nκ is the single electron energy, Hˆ0 is the Dirac
Hamiltonian and the spatial dependence of the wave function is implied by the braket
notation. In relativistic units, the Hamiltonian describing an electron of an arbitrary
atom is given by
Hˆ0(r) =
(− iα · ∇+meβ − αZ
r
+ V (r)
)
, (2.2)
where α and β are the hermitian Dirac matrices, Z is the nuclear charge, and V (r)
represents the electron screening potential which partially accounts for the electron
interaction. Each term of the Hamiltonian can be interpreted with a physical meaning.
The first term, for instance, represents the operator for kinetic energy of the electron
with the matrix α appearing as the operator transcription of velocity. The second term
represents the electron rest energy, while the last two terms describe the electromag-
netic interaction between charged particles. Specifically, the third term describes the
Coulomb interaction of the electron with the nucleus, while the last term represents an
approximate screening potential created by the Coulomb field of all other electrons of
the atom.
The solution to the above equation with spherically symmetric potential can be
separated into radial and angular part. The particle wavefunction is given by a four-
component spinor
|nκm〉 = 1
r
(
Pκ(r)Ωκm(θ, φ)
iQκ(r)Ω−κm(θ, φ)
)
(2.3)
in which the upper two components correspond to the spin up and spin down positive-
energy states, while the lower two refer to the negative-energy states. The angular
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functions Ωκm(θ, φ) are normalized spin-angular functions defined as eigenfunctions
of the angular momentum operators J2,L2, and Jz. The exact expression of these
functions can be found for example in Ref. [69]. The functions Pκ and Qκ describe the
radial dependence of the wave function and are called the large and small components
of the wave function. The radial functions depend on the quantum number κ which
is related to the nonrelativistic notation with orbital angular momentum l and total
angular momentum j as
κ =
{ −(l + 1) for j = l + 1/2
l for j = l − 1/2 . (2.4)
Having introduced the relativistic wave functions, it is appropriate to discuss its non-
relativistic limits. Under certain circumstances, the relativistic treatment does not
provide any additional information than a nonrelativistic treatment. However, the
nonrelativistic treatment is often easier to understand, and hence, can provide simpler,
more intuitive analytical description. In this thesis, we will often reduce the theoretical
treatment to a nonrelativistic limit for analytical analysis, and later numerically verify
the validity of this approximation. In the next chapter, we will study the total two-
photon ionization cross section, for which we will analyze the individual contributions
to the relativistic description. One such contribution arises from the contribution of
negative continuum (the lower component of Eq. (2.3)) to the ionization process. The
two-photon ionization process is generally determined by its positive-energy states,
thus neglecting the negative continuum states for simplicity is often justified. Leaving
out the negative continuum states from the calculation is called the no-pair approxi-
mation. The nonrelativistic limit itself means, that the electron wave functions are not
solutions of relativistic Dirac, but nonrelativistic Schro¨dinger equation(−∇2
2
− Z
r
+ V (r)
) |nlml〉 = nκ |nlml〉 . (2.5)
The solutions to the Schro¨dinger equation can be separated into radial and angular
parts, analogously to the Dirac wave functions. The nonrelativistic electron wave
functions take the form
|nlml〉 = 1
r
Pl(r)Ylml(θ, φ). (2.6)
The exact form of the solutions for a hydrogen atom can be found in many quantum
mechanics textbooks, e.g. [70]. As it becomes apparent from the above equations, the
nonrelativistic wave function lacks the degrees of freedom of electron spin, and hence,
the final wave function is described by its orbital angular momentum only. Moreover,
it is a general feature that the maximum of the probability density of the relativistic
radial wave function Pκ is nearer to the atomic nucleus than the nonrelativistic solution
Pl, this difference is called the relativistic wave function contraction. To visualise this
contraction, we present Fig. 1, where the wave function of the 1s and 2p electrons of
neutral uranium atom is plotted as a solution of Dirac (dot-dashed blue) or Schro¨dinger
(solid green) equation. From the figure it is apparent that the maximum of the rela-
tivistic wave function is nearer to the atomic nucleus (r = 0) than the nonrelativistic
wave function, which is stretches further away from the nucleus. This wave function
contraction impacts various observables in atomic processes. We will investigate the
contribution of this relativistic effect (and others) to the total two-photon ionization
cross section in Sec. 3.2.3.
We now extend the theory of single-electron atomic states to many-electron de-
scription. We construct many-electron atomic states within the framework of second-
quantization, where the wave functions describing two- or more- electron states can be
constructed equivalently to a typical linear combination of Slater determinants [70]. It
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Figure 1: Wave functions of 1s (left) and 2p (right) electrons of neutral uranium as a func-
tion of distance from atomic nucleus. The wave functions have been calculated using the
Dirac (dot-dashed blue) or Scho¨dinger (solid green) equation. A clear shift of the wave func-
tion maximum towards the atomic nucleus can be seen in the figure. This wave function
contraction impacts various observables in atomic processes.
is known that the total angular momentum of a fully occupied electron shell is equal
to zero, whereas the angular momenta of an open shell electrons need to be coupled
together. We can, therefore, construct the many-electron wave function as follows
|αiJiMi〉 = µ
∑
mkM
′
k
〈j1m1, j2m2 | J12M12〉 ... 〈J1x−1M1x−1, jxmx | JiMi〉︸ ︷︷ ︸
coupling of valence electrons
(2.7)
× a†j1m1a†j2m2 ...a†jxmx︸ ︷︷ ︸
valence electrons
a†jc1mc1 ...a
†
jcfmcf︸ ︷︷ ︸
closed shell electrons
|0〉 ,
where µ is a normalization factor, |0〉 is the vacuum state, a†jm are the electron creation
operators. Moreover, 〈.., .. | ..〉 is the Clebsch-Gordan coefficient and the capital letters
J and M correspond to the many-electron total angular momenta. The symbol α
represents all other quantum number necessary to describe the many-electron state. In
this formalism, the total energy of the many-electron state is simply given by the sum
of the individual single-electron energies
Ei = n1κ1 + n2κ2 + ...nnκn . (2.8)
Our goal is to describe atoms in electromagnetic fields, specifically, a single process
where an atom absorbs two-photons. However, until now, only description of electron
wave functions without the presence of external field were presented. This is because
we will consider cases where the Coulomb field acting on the electrons is generally
much stronger than the external photon field. This means, that we can use our derived
wave functions and treat the electron-photon interaction perturbatively. Two-photon
ionization is described within second-order perturbation theory and the interaction is
described by transition amplitudes.
2.2 Two-photon ionization transition amplitudes
As mentioned in the previous subsection, we treat the interaction of atomic electrons
with an external electromagnetic field perturbatively. We wish to describe the process
in which an atom in an initial electronic state |αiJiMi〉 absorbs two photons γ(ω) each
with energy ω. We will exclusively consider the case when absorption of one photon is
not sufficient to ionize a particular electron, i.e. ω < n1κ1 . Due to the absorption of
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the two photons, the initial state is excited into a final state |αfJfMf〉 with one of the
bound electrons promoted to a continuum state |peme〉 with well defined asymptotic
momentum pe and a spin projection me. This process can be schematically represented
as follow
|αiJiMi〉+ 2γ(ω)→ |αfJfMf〉+ |peme〉 . (2.9)
We consider the case, where the two photons γ(ω) originate from the same source, and
therefore, posses not only the same energy, but also the same wavevector k. According
to the second-order perturbation theory, the transition amplitude describing the two-
photon ionization process can be written as
Mλ1λ2JiMiJfMfme =
∫∑
ν
1
EαiJi + ω − EανJν
〈
αfJfMf ,peme
∣∣∣Rˆ(k, λ2)∣∣∣ανJνMν〉
×
〈
ανJνMν
∣∣∣Rˆ(k, λ1)∣∣∣αiJiMi〉 . (2.10)
The evaluation of expression (2.10) requires a summation to be carried out over the
complete spectrum of the intermediate states |ανJνMν〉. The operator Rˆ denotes
the one-particle transition operator describing the electron-photon interaction. This
operator can be represented in the second quantization formalism (see e.g. [70]) as
Rˆ(k, λ) =
∑
n1n2
〈n2 |αµAµλ(ω)|n1〉 a†n2an1 , (2.11)
where |n1〉 , |n2〉 are the single-electron initial and final states, a†n2 and an1 are the
corresponding electron creation and annihilation operators, αµ denotes the four-vector
of the Dirac matrices, and Aµλ = (φλ,Aλ) is the photon wave function.
Due to the interaction of the atom with the two photons, an electron from a sub-
state |naκama〉 of the atom is promoted into a continuum state, leaving a hole (or
vacancy) in the atomic subshell. We will refer to this electron as the active electron,
as all other electrons remain in their original state. According to the particle-hole for-
malism, a state with a hole in a substate |naκama〉 has angular momentum properties
of a particle with total angular momentum ja and its projection −ma. Then, within
the independent particle approximation, the final state after an ionization process is
obtained by applying the electron creation (a†peme) and annihilation (anaκama) operators
to the initial state and coupling the initial atom and hole angular momenta. Hence,
the final state of the system can be expressed as
|αfJfMf ,peme〉 =
∑
maM
〈ja −ma, JiM | JfMf〉 (−1)ja−maa†pemeanaκama |αiJiM〉 .
(2.12)
We now have all necessary tools to simplify the transition amplitude from Eq. (2.10).
First, we use the second-order quantization form of the electron-photon operator (2.11)
to obtain
Mλ1λ2JiMiJfMfme = 〈αfJfMf ,peme|
∑
n′1n
′
2
〈
n′2
∣∣αµAµλ2(ω)∣∣n′1〉 a†n′2an′1 1n1 + ω − n2
×
∑
n1n2
〈
n2
∣∣αµAµλ1(ω)∣∣n1〉 a†n2an1 |αiJiMi〉 . (2.13)
Upon inserting the expression of the final many-electron state of our system in particle-
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hole formalism (2.12), the transition amplitude takes the form
Mλ1λ2JiMiJfMfme =
∑
maM
〈ja −ma, JiM | JfMf〉 (−1)ja−ma 〈αiJiM | apemea†naκama
×
∑
n′1n
′
2
〈
n′2
∣∣αµAµλ2(ω)∣∣n′1〉 a†n′2an′1 1n1 + ω − n2
×
∑
n1n2
〈
n2
∣∣αµAµλ1(ω)∣∣n1〉 a†n2an1 |αiJiMi〉 . (2.14)
Finally, carrying out the summation over all single electron states of the electron-photon
operator as well as the momentum projection M , and the using the orthogonality of
the wave functions leaves us with
Mλ1λ2JiMiJfMfme =
∑
ma
(−1)ja−ma 〈ja −ma, JiMi | JfMf〉 (2.15)
×
∫∑
n
〈
peme
∣∣αµAµλ2(ω2)∣∣n〉 〈n ∣∣αµAµλ1(ω1)∣∣naκama〉
naκa + ω1 − nnjn
.
It is apparent, that the utilization of independent particle approximation allowed us to
reduce the many-electron transition amplitude to an amplitude which depends only on
one-electron wave functions of the active electron. These one electron wave functions
are the solutions of the Dirac (or Schro¨dinger) equation as discussed in Section 2.1.
2.2.1 Expansion of transition amplitudes
Further simplification of the one-electron transition amplitude can be achieved using
the multipole decomposition of the photon field Aλ(ω) into spherical tensors [71]
Aλ(ω) = 4pi
∑
JMp
iJ−p[εˆλ · Y (p)∗JM (kˆ)]a(p)JM(r), (2.16)
where Y
(p)
JM is a vector spherical harmonics and the index p describes the electric (p = 1)
and magnetic (p = 0) components of the electromagnetic field. The vector functions
a
(p)
JM(r) are referred to as multipole potentials and their exact form can be found for
example in Ref. [70]. The dot product of the polarization vector with the vector
spherical harmonics can be also written as [72]
[εˆλ · Y (p)JM(kˆ)] =
√
[J ]
8pi
(−λ)pDJMλ(θ, φ), (2.17)
with the D-Wigner symbol DJMλ(θ, φ). In this thesis, we will consistently choose the
incident photon propagation direction along the quantization axis. In this way, the
polar angles above θ = φ = 0 and we obtain (see Fig. 2)
[εˆλ · Y (p)JM(kˆ)] =
√
[J ]
8pi
(−λ)pδλM . (2.18)
In addition to the multipole expansion, we also perform an expansion of the continuum
electron wave function into its partial waves [73]
|peme〉 =
∑
jmj
∑
lml
ile−i∆jl 〈lml, 1/2ms | jmj〉Y ∗lml |eκmj〉 , (2.19)
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Figure 2: The considered geometry for two-photon ionization of atoms. The incident photons
propagate along the quantization z axis, the linear part of polarization is along the x axis,
and the photoelectron emission direction is determined by two angles θ and φ. This geometry
is consistently used throughout the thesis.
with e =
√
p2e +m
2 being the photoelectron energy, ∆jl the phase factor [73], and
Y ∗lml(pˆe) the spherical harmonics that depend specifically on the direction of the emitted
electron pˆe). Individual wave functions |εeκmj〉 with given Dirac quantum number κ
are called partial waves of the free electron with well-defined electron energy εe and
quantum numbers j, l, and mj. Inserting Eqs. (2.16), (2.18) and (2.19) into the
expression (2.15) and applying Wigner-Eckart theorem (see appendix A) we obtain
Mλ1λ2JiMiJfMfme(κa) = 2pi
∑
ma
(−1)ja−ma 〈ja −ma, JiMi | JfMf〉
×
∑
p1J1
∑
p2J2
∑
nnjnlnmn
iJ1−p1+J2−p2
√
[J1, J2]
[jn, ja]
(−λ1)p1(−λ2)p2
∑
jmj
×
∑
lml
(−i)lei∆jl 〈lml, 1/2me | jmj〉Yl,ml(pˆe) 〈jmj, J2 − λ2 | jnmn〉
× (−1)j−mj
∑
ma
〈ja,−ma, Ji,Mi | Jf ,Mf〉 〈jnmn, J1 − λ1 | jama〉
×
〈
eκ
∥∥∥α · a(p2)J2 ∥∥∥nnκn〉〈nnκn ∥∥∥α · a(p1)J1 ∥∥∥naκa〉
naκa + ω1 − nnκn
. (2.20)
To make our future analysis of two-photon ionization easier, we also integrate the
reduced transition amplitudes
〈
f
∣∣∣α · a(p)J ∣∣∣ i〉 over angles. Performing the integration
leaves us with〈
nfκf
∥∥∥α · a(p)J ∥∥∥niκi〉 =
√
[J ](J + 1)
4piJ
(−1)ji−jf−J [ji]1/2 〈ji1/2, J0 | jf1/2〉Rκfκi(pJ),
(2.21)
where Rκiκf is the radial integral given explicitly in Appendix C. We can now express
the second-order amplitudes in terms of the radial integrals (2.21). Since these am-
plitudes will often appear in analyses of cross section in further chapters, we choose
to use spectroscopic notation to represent these integrals for the sake of more intu-
itive understanding. Hence, the second order amplitude describing a specific quantum
ionization channel (or equivalently path) naκa → nnκn → eκ (or in spectroscopic
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notation nalaja → nnlnjn → elj) is
U
(lnjn )
lj
(p1J1p2J2) =
∑∫
n
RκκnRκnκa
naκa + ω − nnκn
. (2.22)
This amplitude describes a transition with multipolarities p1J1 and p2J2. As we will
often restrict our analysis to electric dipole transition only, i.e. J1 = p1 = J2 = p2 =
1, it is practical to introduce a shorter notation U
(lnjn )
lj
which stands for U
(lnjn )
lj
=
U
(lnjn )
lj
(E1E1) = U
(lnjn )
lj
(1111).
If we now consider the nonrelativistic limit, there is no fine-structure splitting. Un-
der these circumstances, we assume that the radial wave functions representing different
fine-structure levels can be considered equivalent. This leads to the equivalence of the
transition amplitudes describing the corresponding fine structure ionization paths, e.g.
U
(s1/2)
p1/2 = U
(s1/2)
p3/2 . In this limit, we can replace the amplitudes describing transition
between fine-structure levels by a nonrelativistic amplitude, in terms of our previous
example U
(s1/2)
p1/2 = U
(s1/2)
p3/2 = U
(s)
p . These nonrelativistic integral are given by
U
(ln)
l (p1J1p2J2) =
∑∫
n
RllnRlnla
nala + ω − nnln
, (2.23)
where the integrals Rlf li are the nonrelativistic equivalents to those shown explicitly
in Appendix C. The amplitudes (2.22) and (2.23) are the key pieces for describing
the two-photon ionization process. Each of these amplitudes describes one possible
ionization channel and their relative values give raise to many intriguing phenomena
in various observables which will be discussed in the next chapters. In order to prepare
ourselves for the analysis of two-photon ionization cross sections and the properties of
the produced photoion, it is reasonable to shortly discuss the number of the possible
ionization paths which the above amplitudes describe as well as their basic properties.
Theoretically, there are infinitely many possible ionization channels. However, it
is well known that electric dipole transitions generally dominate the light-matter in-
teraction. Especially for higher-order processes, considering higher multipole channels
results in steep rise in complexity of the analytical formalism. For these reasons, we
will restrict our current discussion to electric dipole interaction only. Let us start
exploring the possible two-photon ionization channels with considering ionization of
s electrons. In this scenario, there are two possible intermediate angular momentum
states and three final states, adding up to the total of five possible relativistic ionization
channels. If the fine-structure of electron levels is neglected, the number of possible
ionization channels reduces to only two nonrelativistic channels. The simplest way to
count the possible ionization channels is to graphically represent them by following the
selection and parity conservation rules. Figure 3 shows the schematic representation
of the possible ionization channels for two-photon ionization of an s (left) or p (right)
electron. Each fine-structure ionization channel is represented by a pair of arrows. If
we neglected splitting of the levels due to the electron spin, the number of possible
channels reduces. All the fine-structure channels with the same color reduce to one
nonrelativistic channel. In 1985, Fano physically interpreted the propensity rules [74]
first introduced by Berry [75] which state that all one-photon ionization transitions
channels are not equally probable. Fano’s propensity rule states that that out of the
possible nonrelativistic channels, the one which increases the electron angular momen-
tum is favoured due to increase of the centrifugal potential. The argument which arise
from analysis of radial integrals surely also apply to many-photon ionization processes,
similarly, as it was shown to apply for laser assisted ionization [76]. In our diagram 3,
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Figure 3: The possible two-photon ionization channels for ionization of s (left) or p (right)
electrons. Each fine-structure ionization channel is represented by a pair of arrows. If we
neglected splitting of the levels due to the electron spin, the number of possible channels
reduces. All the fine-structure channels with the same color reduce to the same nonrelativistic
channel.
this Fano’s propensity rule would mean that the right-most channels generally dom-
inate the ionization process. In later chapters, we will often return to this rule and
explore the conditions, where this rule does not apply.
2.2.2 Nonlinear Cooper minimum
The transition amplitudes U
(lnjn )
lj
(p1J1p2J2) describe the fundamental interaction of
two photons with an atom. That is why it is worth to investigate them a little closer
and try to unveil some of their properties. An important physical property these
amplitudes describe is the case when the photon energy ω is comparable to a resonant
electron transition, i.e. ω ≈ nnln − nala . For a photon energy matching the resonance
condition, the process can be treated sequentially since the sum over all intermediate
states in (2.22) can be neglected as it is dominated by the resonant intermediate state.
In this thesis, we will concentrate on cases, where the photon energy does not match
any bound-bound resonant transition. However, an interesting behavior can be obtain
if one tunes the photon energy between two such resonances. To understand what
happens with the transition amplitude values between two resonances, let us return
to Eq. (2.22). The expression shows, that all possible intermediate ionization paths
contribute to the transition amplitude, and hence, we need to sum over the complete
atomic spectrum. Now, consider a photon energy ωNCM for which nκ+ωNCM−κn1 < 0
and nκ + ωNCM − κn2 > 0. We can therefore always fine tune the incident photon
energy, such that contributions to the amplitudes from higher energy paths κn1 and
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Figure 4: Electric dipole transition amplitude for two-photon ionization of 2p1/2 electron of
neutral magnesium. It is clearly visible that generally, the U
(d3/2)
f5/2
(solid green) ionization
channel dominates the process, in accordance to the Fano’s propensity rule [74]. There are
two exceptions to this rule. One appears at photon energies matching the p1/2 → s1/2
resonance at which the U
(s1/2)
p3/2 (dashed blue) dominates, the other at and near the nonlinear
Cooper minimum, where the U
(d3/2)
f5/2
channels passes through zero. Points where each of the
displayed channels passes through zero are marked by gray dashed vertical lines.
from lower energy spectra κn2
Uκf (ω) =
κn1>nκ+ω∑∫
κn1
〈eκf ||r||κn1〉 〈κn1||r||nκ〉
nκ + ωNCM − κn1
+
κn2<nκ+ω∑∫
κn2
〈eκf ||r||κn2〉 〈κn2||r||nκ〉
nκ + ωNCM − κn2
, (2.24)
exactly balance each other out, i.e. Uκf (ωNCM) = 0. This energy describes passing of
the otherwise dominant channel through zero, and hence, we call this point the nonlin-
ear Cooper minimum (NCM). Such nonlinear Cooper minimum can be found between
any two adjacent level resonances of the same angular momentum. Furthermore, this
is a general feature of two-(or even multi-)photon ionization. If an initially bound elec-
tron in nκ shell absorbs multiple photons, nonlinear Cooper minimum can be found
between any pair of n′(j + 1) and (n′ + 1)(j + 1) resonances.
To graphically illustrate the nonlinear Cooper minimum and the dynamic behaviour
of the transition amplitudes in the vicinity, we present Fig. 4. The figure shows two
relativistic ionization channels for two-photon ionization of p1/2 electron of neutral
magnesium atom, U
(d3/2)
f5/2
(solid green) and U
(s1/2)
p3/2 (dashed blue). As the channel U
(d3/2)
f5/2
possesses higher angular momentum, it generally dominates the process as predicted by
Fano [74]. However, there are two types of exceptions to this rule. For example, when
the incident photon energy matches the p1/2 → s1/2 resonance, where the U (s1/2)p3/2 is
strongly increased due to the denominator of the transition amplitude (2.22). Another
point is where the sign of the dominant channel U
(d3/2)
f5/2
changes, and therefore, passes
through zero. The photon energy at which the dominant channel vanishes is called
the nonlinear Cooper minimum. The photon energies at which each of the displayed
channels passes through zero are marked by gray dashed vertical lines.
The significance of nonlinear Cooper minima can be better understood upon their
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comparison with other known effects in different processes which contributed to accu-
rate understanding of atomic processes. First of all, they can be considered as nonlinear
equivalents of the Cooper minima in one-photon ionization process [59, 60], since in
both cases vanishing of the dominant ionization channel strongly influences observable
quantities. In one-photon ionization processes, Cooper minima have opened the door
for accurate comparison of theory with experiment e.g. [77, 78], or even allowed to re-
solve relativistic effects in photoelectron angular distributions or ionization time delay
[46, 62, 79–81]. The nonlinear Cooper minima also share similar characteristics with
the tune-out wavelengths, specific photon energies at which the atomic polarizability
vanishes. Their exact energy positions are sensitive even to small contributions such
as finite nuclear mass effect, or relativistic and QED corrections [82–84]. Similarly to
both above examples, Cooper resonances have the potential to push the accuracy at
which we understand nonsequential nonlinear process beyond current possibilities. It is
worth noting that due to their physical origin, nonlinear Cooper minima are imprinted
in practically all observables of the two-photon ionization process.
2.2.3 Numerical evaluation of the transition amplitudes
From the theoretical description above, it becomes clear that the main computation
challenge lies in the infinite summations of the radial matrix elements (2.22) over all
multipole orders and infinite number of intermediate states. To deal with this numer-
ically, the infinite summations over the multipoles of each of the two photons were
restricted to a maximum value of Jmax = 5. This limit is sufficient to obtain conver-
gence of the transition amplitudes at less than 0.001% level. To sum over the infinite
number of intermediate states, finite basis-set [85] constructed from B-splines by ap-
plying the dual-kinetic-balance approach [86] was employed. This technique allows us
to reduce infinite sum over the intermediate states in (2.22) to finite sum over pseu-
dospectrum. This approach has been previously successfully applied, for example, in
the calculations of two-photon decay rates of heliumlike ions [87, 88] or cross sections
of x-ray Rayleigh scattering [89]. The continuum-state wave functions were obtained
by numerical solutions of the Dirac equation with help of the RADIAL package [90].
In order to account for the screening effects, we solve the Dirac equation with a
screening potential, which partially accounts for the inter-electronic interaction, as
described in previous subsection. We use number of different potentials, which corre-
spond to a potential created by all bound electrons except of the active electron. Unless
otherwise specified, we use the core-Hartree potential which reproduces the electron
binding energies of the presented examples in a very good agreement with the exper-
imental values [91]. To analyse the sensitivity to the choice of potential, in addition
to the core-Hartree potential, five different screening potentials were also used. The
potential taken from Ref. [92], to which we refer as the ”Salvat” potential and Salvat
potential modified in a way to reproduce experimental binding energies Eexpbind, referred
to as ”Salvat Eexpbind”. The Perdew-Zunger, Kohn-Sham and Slater screening potentials
were also used [93–95] in order to estimate uncertainty or reconstruction of the electron
spectra. In general, all the screening potentials agree with each other within 10%. Any
deviation from this value will be reported, where appropriate.
Additionally, in order to check the consistency of our results, we carried out most
of our calculations in length and velocity gauges. The results for both gauges were in
a perfect agreement as expected for any local potential. Even though the agreement
of the two gauges does not prove validity of the results, it shows that the effective
single-electron amplitudes (2.22) are properly implemented in our codes.
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2.3 Density matrix formalism
2.3.1 The concept of density matrix theory
Density matrix theory offers the most convenient and elegant theoretical framework for
the fields of polarization and angular correlation studies of ionic states following exci-
tation and ionization processes, or studies of subsequent processes such as emission of
fluorescence photons. Within the density matrix theory, an atomic (or molecular) state
of a physical system can be efficiently described no matter if it is in a pure quantum
state or in a mixture of different states with any degree of coherence. The basic idea
of density matrix theory is to propagate such an ensemble through an interaction pro-
cess, starting from a well-defined initial state and by passing through one or, possibly,
several intermediate states until the final state of the is accomplished.
The notion of density matrix was originally introduced in 1927 by a Hungarian-
American scientist John von Neumann to describe statistical concepts in quantum
mechanics [96]. After that, for quite a long period of time the use of the density matrix
has been mainly restricted to statistical physics. However, it was thirty years later,
that the idea of density matrices started to be used in other fields, such as solid state
physics, laser physics, atomic and molecular physics [97]. Since then, density matrix
approaches has been described in detail and used in scientific literature (often used
books in atomic physics are e.g. those from Blum or Balashov [72, 98]) as well as in
atomic physics research, for example to characterize the polarization properties of fluo-
rescence photons after inner-shell photoionization [99, 100], or to study photoexcitation
of magnetic sublevels of an atom by twisted light [101], or to analyze radiative electron
polarization in strong laser fields [102]. Recently, it has also been demonstrated, that
individual elements of the density matrix describing a general quantum system can be
experimentally extracted by a sequence of measurements [103].
Since density matrix theory has been extensively described before (Ref. [98] pro-
vides an excellent introduction, while [72] puts the theory to practice in atomic physics),
we will not repeat the basics here and introduce only those parts, relevant to two-photon
ionization process. As we will be concerned with interaction of photons with atoms,
the description of photon density matrix is unavoidable. Furthermore, we will return
to the photon density matrix in chapter 6 to study the physical properties of fluores-
cence light. Having introduced the photon density matrix, we come to derivation of the
density matrix describing the state of a system consisting of a singly charged ion and a
photoelectron after two-photon ionization. We will repeatedly return to this final state
density matrix throughout this thesis to analyze the observable properties of both, the
photoelectron and the photoion.
2.3.2 Photon density matrix
In quantum mechanics, photons are the particle equivalents of the electromagnetic
field. Photons have intrinsic spin of 1 and posses zero rest energy. The lack of rest
mass results in a unique feature of photons, which is that the photon spin projection
λ onto the its wave vector k (called helicity) can take only one of two values, λ = ±1.
Helicity, therefore offers a convenient basis to characterize the photon polarization
state. In the helicity basis, the two-dimensional photon density matrix can be written
in terms of so-called Stokes parameters, which fully characterize the photon polarization
〈kλ |ρˆγ|kλ′〉 = 1
2
(
1 + P3 P1 − iP2
P1 + iP2 1− P3
)
(2.25)
=
1
2
(
δλλ′(1 + λP3) + (1− δλλ′)(P1 − iλP2)
)
. (2.26)
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In this parametrization, the first line (and column) of the photon density matrix cor-
responds to λ = 1 and the second one to λ = −1. The two Stokes parameters P1 and
P2 describe the degree (and direction) of linear polarization of the photon in the plane
perpendicular to the wave vector k and P3 specifies the photon’s degree of circular po-
larization. The beam is said to be purely polarized if P 21 +P
2
2 +P
2
3 = 1 and unpolarized
when all Stokes parameters are equal to zero.
In an experiment, the Stokes parameters can be determined by measuring the inten-
sities I(θ) of the light which is linearly polarized under particular angle θ with regard
to the plane defined by the incoming beam and emitted light. The three parameters
can be then written as
P1 =
I(0◦)− I(90◦)
I(0◦) + I(90◦)
P2 =
I(45◦)− I(135◦)
I(45◦) + I(135◦)
(2.27)
P3 =
I(λ = 1)− I(λ = −1)
I(λ = 1) + I(λ = −1) .
In this thesis, we consistently use the incident photon beam to propagate along the
quantization z axis and the linear part of polarization to be along the x axis . With
such choice of geometry it makes sense to use only one Stokes parameter to describe the
degree of linear polarization. For the sake of generality, we still define this parameter
in terms of P1 and P2 and rename the P3 parameter as
Pl =
√
P 21 + P
2
2 (2.28)
Pc = P3.
We will consistently use the Stokes parameters (2.28) to describe the polarization of the
incoming beam. However, in chapter 5 of this thesis, we will analyse the polarization
properties of fluorescence photons following two-photon ionization. To easily distin-
guish between the polarization properties of the incident and fluorescence photons,
we will keep the notation (2.27) for the characterization of fluorescence polarization
properties.
2.3.3 Characterization of an atomic state following two-photon ionization
Having introduced the concept of density matrix theory, we can now proceed to char-
acterize the state of an atomic system after being ionized by simultaneous absorption
of two photons. First, we need to describe initial state of our system, which consists of
an atom and two photons. Since all three particles are initially independent, adopting
the previously introduced notation we can write the initial density matrix as
〈αiJiMi,kλ1kλ2 |ρˆi+2γ|αiJiM ′i ,kλ′1kλ′2〉 = 〈αiJiMi |ρˆi|αiJiM ′i〉 〈kλ1 |ρˆγ|kλ′1〉
× 〈kλ2 |ρˆγ|kλ′2〉 . (2.29)
Generally, we will assume that the initial atom is unpolarized. In such a case, the
density matrix operator of the initial atomic state averages over the magnetic quantum
numbers and can be written as
〈αiJiMi |ρˆi|αiJiM ′i〉 =
1
[Ji]
δMiM ′i . (2.30)
After absorption of the two photons, one of the atomic electrons is promoted to con-
tinuum and the produced photoion is in a singly-charged state. The density matrix of
16
the composite system is given by〈
αfJfMf ,peme |ρˆf |αfJfM ′f ,pem′e
〉
=
∑
Miλ1λ2
∑
M ′iλ
′
1λ
′
2
Mλ1λ2JiMiJfMfmeM
λ′1λ
′
2∗
JiM ′iJfM
′
fm
′
e
× 〈αiJiMi,kλ1kλ2 |ρˆi+2γ|αiJiM ′i ,kλ′1kλ′2〉 ,
(2.31)
where the transition amplitudes Mλ1λ2JiMiJfMfme describing the interaction of the electron
with the two photons are explicitly given by Eq. (2.10). With appropriate prefactors,
the density matrix gives the cross section of the two-photon ionization process. The
derivation of these prefactors is provided in the Appendix B. In most examples in this
thesis, we will study two-photon inner-shell ionization of neutral atoms. The produced
photoion is in this case in an singly-charged excited state which would undergo a subse-
quent relaxation. Emission of a fluorescence photon as a type of a possible subsequent
process will be discussed in chapter 6.
The density matrix (2.31) is the key expression of interest in this thesis. It describes
the final state of our system (photoion + photoelectron) and the aim of each chapter
will be to analyze different components of this density matrix in detail. Although
we are considering only two-photon ionization where the photon energy is lower than
the binding energy of the active electron (i.e. ω < naκa), all our general theoretical
description is also applicable for above-threshold ionization.
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3 Two-Photon Ionization Cross Sections
Consider an atomic target irradiated with a strong laser beam with an electron detec-
tors placed near the target. The detector will yield a certain count of photoelectrons
which were ionized from the target. If we now increase the number of atoms in the
target, or number of photons in the laser beam, the photoelectron yield we measure
becomes greater than before. This yield, therefore, depends on number of experimental
parameters, and does not reflect the fundamental probability of a given process. In
order to avoid these dependencies and to describe the probability of the fundamental
ionization process, a quantity called cross section is often defined. The cross section
for absorption of N photons from a beam with photon flux F and pulse of duration τ
in an interaction region that contains n atoms is then given by σ(N) = Y (N)/(FNτn).
The units of the cross section describing the absorption of N photons by a single atom
σ(N) are cm2NsN−1. In this section, we describe the total (angle-integrated) cross sec-
tions for two-photon ionization of atoms. We first derive a general expression of the
cross section from the density matrix of Eq. (2.31). Afterwards we obtain explicit an-
alytical cross section expressions for two-photon ionization of atomic s and p orbitals,
and analyze their dependency on the incident photon energy and polarization, evalu-
ate the importance of relativistic description of the ionization process and discuss the
current experimental efforts which aim to determine the total two-photon ionization
cross sections.
3.1 General form of the total cross section
In the previous chapter, we derived the density matrix of the final state of an atom after
one of its electrons was ionized by the absorption of two photons. This density matrix
fully describes all properties of the system. We can, therefore, extract all necessary
information to obtain the total two-photon ionization cross section which expresses the
probability to ionize an electron from a specific atomic shell. This cross section accounts
for detection of photoelectrons at all angles and of any ion and electron magnetic state.
The total two-photon ionization cross section can be simply obtained from the general
scattering formula (see the Appendix B) and by tracing out all degrees of freedom of the
photoelectron and summing over all possible final states of the photoion of Eq. (2.31).
The total two-photon ionization cross section is given by
σlaja (ω) =
8pi3α2
ω2
∑
JfMfme
∫
dΩpˆe 〈αfJfMf ,peme |ρˆf |αfJfMf ,peme〉 (3.1)
=
8pi3α2
ω2
1
[Ji]
∑
λ1λ2
λ′1λ
′
2
〈kλ1 |ρˆγ|kλ′1〉 〈kλ2 |ρˆγ|kλ′2〉
∑
JfMf
Mime
∫
dΩpˆe
× Mλ1λ2JiMiJfMfme(κa)M
λ′1λ
′
2∗
JiMiJfMfme
(κa).
As this work discusses two-photon ionization process only, we consistently use the short
notation for any cross section σ(ω) = σ(2)(ω). Moreover, we use spectroscopic notation
in the subscript σlaja (ω) to indicate the initial angular momentum of the active electron.
Since the two-photon ionization is a second-order process, its cross section has the units
of [L4T ].
We can further simplify the above total cross section by utilizing the expression of
the transition amplitude (2.20). Owing to the separation of radial and angular parts
of the electron wave functions, it is possible to carry out the angular integration and
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summation over photoelectron spin projections analytically to obtain
σlaja (ω) =
8pi3α2
ω2
∑
λ1λ2
λ′1λ
′
2
〈kλ1 |ρˆγ|kλ′1〉 〈kλ2 |ρˆγ|kλ′2〉
∑
κmj
T λ1λ2κmj (κa)T
λ′1λ
′
2∗
κmj
(κa),
(3.2)
where the simplified transition amplitude takes the form
T λ1λ2κmj (κa) = 2pi
∑
p1J1
∑
p2J2
∑
nnjn
lnmn
iJ1−p1+J2−p2
√
[J1, J2]
[jn, ja]
(−λ1)p1(−λ2)p2 (3.3)
× (−1)j−mj 〈jmj, J1 − λ1 | jnmn〉 〈jnmn, J2 − λ2 | jama〉
×
〈
εejl
∥∥∥α · a(p1)J1 ∥∥∥nnjnln〉〈nnjnln ∥∥∥α · a(p2)J2 ∥∥∥najala〉
najala + ω − nnjnln
.
Owing to the single-particle approximation and the summation over all possible final
states of the atom, all dependencies on the many-electron quantum numbers vanish for
the calculation of the total cross section.
Although the above expression is significantly simplified, it is still generally difficult
to deduce any properties of the two-photon ionization process without a rigorous cal-
culation. In the following subsection, we will consider two-photon ionization of specific
electron shells and apply further approximations in order to obtain a more intuitive
analytical expressions. However, equation (3.2) will be used in future for calculation
of exact total cross section, without further simplifications.
3.2 Analysis of ionization of specific shells
In this subsection, we will study two-photon ionization of s and p electrons. Specifying
the initial angular properties of the active electron and applying the electric dipole
approximation allows us to write the total cross section expression 3.2 in a much more
compact and intuitive form. Both of the above mentioned assumptions are generally
well justified. It is generally easy to determine the initial state of an electron in an
experiment from the measured photoelectron energy spectra by the photoelectron en-
ergy. Furthermore, the assumption that the electric dipole transition is the strongly
dominant contribution to the process is known [70, 104] and becomes invalid only under
special circumstances [46, 62, 79]. The contributions of higher multipoles, and hence
the validity of the electric dipole approximation, will be evaluated in section 3.2.3.
3.2.1 Ionization of s electrons
The main motivation to study the two-photon ionization of s electrons arose from the
possibility to ionize theK shell electrons with multiple photons at the free-electron laser
facilities. The two-photon ionization of the most deeply bound electrons is in particular
of interest in the field of nonlinear spectroscopy [24–27], where the ionization of the K
shell electron of solids is studied through the detection of the subsequent fluorescence.
However, it is not only these heavy complex atoms that are of interest. Free-electron
lasers also give us the opportunity to investigate nonlinear processes in one of the
simplest atomic systems, gaseous helium. Although helium nucleus is orbited by only
two-electrons, recent experiments [45] demonstrate that even this relatively simple
atomic system has some surprising properties in store, waiting for us to discover them.
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To unveil the characteristics of two-photon ionization of s electrons, we derive the
relativistic total cross section within electric dipole approximation. Afterwards, we
make a further simplification and reduce the derived expression to nonrelativistic limits.
Let us start with Eq. (3.2) and choose the initial state to be an s electron, i.e. κa = −1
(or ja = 1/2, la = 0) and ma = ±1/2. Moreover, since we restrict the electron-photon
interaction to electric dipole only, we have J1 = J2 = p1 = p2 = 1. For simplicity,
let us also assume that the incident photons are purely polarized, which means that
P 2l +P
2
c = 1. This assumption is well justified since the beam produced at free-electron
laser facilities do reach high purity of polarization. By performing the above mentioned
assumptions and carrying out all summation of Eq. (3.2), we obtain
σ(rel.)s1/2 =
4pi3α2
25ω2
[
25(1− P 2c )U2s1/2 + (2 + P 2c )
[
U2d3/2 + 54U
2
d5/2
]]
,
(3.4)
where Us1/2 = (U
(p1/2)
s1/2 + U
(p3/2)
s1/2 ), Up3/2 = (5U
(p1/2)
d3/2
+ U
(p3/2)
d3/2
), and Ud5/2 = U
(p3/2)
d5/2
are
the radial transition amplitudes from Eq. (2.22). From the above expression, it be-
comes apparent that only interference from ionization channels with the same final
state contribute to the total cross section. As a consequence, the dependence on the
photoelectron phase vanishes and hence, this information cannot be accessed by mea-
suring the total cross section. From the above expression, we can already deduce some
interesting features. For example, the dependency of the total cross section and num-
ber of ionization channels on the photon polarization. If we ionize our atom with pure
circularly polarized light, the ionization channel Us1/2 vanishes. This is because the a
photon with helicity λ = ±1 increases (or decreases) the projection of the electron’s
angular momentum by unity. This means that after absorption of two such photons,
the electron cannot posses smaller absolute value of projection of angular momentum
than 3/2, i.e. |mj| ≥ 3/2. This restriction can be also seen from the first term of the
above expression, which vanishes whenever Pc = ±1.
The above expression is relativistic (within electric dipole approximation), however,
in many situations it is reasonable to neglect relativistic effect, such as wave function
contraction or fine-structure splitting, and carry out the calculations nonrelativistically
(see Sec. 2.2.1 and Fig. 3 in particular). For weakly bound electrons, the ionization
paths for different fine-structure levels are approximately equivalent, i.e. U
(p1/2)
s1/2 ≈
U
(p3/2)
s1/2 ≈ U (p)s , and U (p1/2)d3/2 ≈ U
(p3/2)
d3/2
≈ U (p3/2)d5/2 ≈ U
(p)
d . In this nonrelativistic limit, we
can derive the total cross section analogous to Eq. (3.4) to
σ(nonrel.)s =
18pi3α2
5ω2
(5(1 + P 2l − P 2c )|U (p)s |2 + (7 + P 2l + 5P 2c )|U (p)d |2), (3.5)
where we no longer assume that the incident photons are fully polarized. If we persist
with this assumption, we can reduce the above expression to the one obtained by
Manakov et al. [105]. As before, we can see that the ionization channel U
(p)
s vanishes for
the case of ionization by pure circularly polarized light. Moreover, the above equation
also reveals, that the total cross section is larger for ionization by circularly than
with linearly polarized light [3]. This is one of the differences from the well-known
one-photon ionization, where the total cross section generally does not depend on
the photon polarization. The dependence of the total cross section on the photon
polarization can, therefore, be considered to be a nonlinear effect. The importance of
the relativistic effects, and hence the difference between Eq. (3.4) and (3.5) will be
analyzed in section 3.2.3.
Let us now utilize the fully relativistic expression for the total two-photon ionization
cross section and study the dependence of the total cross section on the incident photon
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Figure 5: The total two-photon K-shell ionization cross section σ
(rel)
s1/2 as a function of excess
energy ε (two-photon energy in units of K-shell binding energy) for ionization by linearly
polarized photons. Results are shown for the two-photon ionization of hydrogen-like (dash-
dotted red) ions and neutral atoms calculated in three different potentials: core-Hartree (solid
black), Salvat (long-dashed blue) as well as Salvat Eexpbind (short-dashed green) potentials.
Calculations were performed for neon, germanium, xenon, and uranium atoms (as labelled).
energy. Although the formalism derived in this section applies generally for neutral
atoms as well as ions, detailed calculations have been carried out for two-photon K-
shell ionization of neutral neon, germanium, xenon, and uranium atoms. We will
compare cross sections for K-shell ionization of hydrogen-like and neutral atoms as
well as the sensitivity to the choice of a screening potential used in the calculation of
the electron wave functions (see Sec. 2.2.3). Since there are two electrons in the K-shell
of neutral atoms but only one electron in the K-shell hydrogen-like ions, we introduce
an additional factor of two in the hydrogen-like calculation for the sake of comparison.
We start by comparing the total two-photon ionization cross sections for ionization of
hydrogen-like and neutral atoms in terms of so called excess energy. Excess energy
represents the (combined) energy of the two photons in units of binding energy of the
active electron, i.e., ε = 2ω/bind. Figure 5 presents the total cross sections for two-
photon ionization of neutral (solid black) as well as for hydrogen-like (dashed-dotted
red) neon, germanium, xenon, and uranium by linearly polarized photons. One can
notice that the first resonant behaviour (sharp increase) in the total cross section occurs
in lower excess energy for hydrogen-like ions than for neutral atoms. This resonant
behaviour occurs when the single photon energy reaches the 1s→ 2p transition energy.
Although the 2p state is generally occupied for neutral atoms, the resonant two-photon
ionization can be understood as follows. The 2p electron is ionized by the first photon
and the corresponding vacancy is then filled by excitation of the 1s electron by the
second photon.
The more significant difference between neutral and hydrogen-like systems lies in the
decrease of the total cross section towards the ionization threshold. This cross section
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reduction is strongest for elements with nuclear charge Z = 7− 12 and becomes much
less significant for heavy atoms. In the case of hydrogen-like ions, no such behaviour has
been predicted and the total two-photon ionization cross section is slowly decreasing in
nonresonant energy regions [30, 31], which we also confirm in the present calculations.
We can therefore conclude that the change of the total cross section for light neutral
elements close to the ionization threshold can be directly linked to the deviation of
the binding potential from the Coulomb potential created by the nucleus. These so
called screening effects reduce the amplitude of the dominant ionization channel near
the two-photon ionization threshold, and hence, decrease the value of the total cross
section [64].
Figure 5 also shows the comparison of the total two-photon ionization cross section
obtained using three screening potentials (solid black, dashed green, and blue curves)
introduced in Sec. 2.2.3. We see that for low-Z and medium-Z atoms, the core-Hartree
and Salvat potentials differ in the magnitudes of the total cross section by less than
25%. This is partially caused by the calculated value of the binding energy. When the
Salvat potential was modified to reach perfect agreement with the experimental bind-
ing energies, the cross section difference from the core-Hartree calculation was reduced
to about 10%. Therefore, even though part of the difference between the cross sec-
tions as predicted by each potential arises from the difference of binding energies, the
distinct potential formulations also result in a deviation. Despite the small magnitude
differences, all screening potentials predict similar energy dependence of the total cross
section. The agreement of these potentials justifies that the obtained behaviour and
magnitude is not very sensitive to the choice of potential. We ascribe the difference
between the core-Hartree and Salvat calculations as an uncertainty of presented re-
sults. The uncertainty decreases from 25% for Ne to 10% for U. We restrict all further
discussion to the use of core-Hartree potential.
To gain deeper understanding of the total cross section results, we now look only at
the E1E1 ionization channels which dominate the ionization process. In this approxi-
mation, only the J = 1 and p = 1 multipole of each of the two photons is considered.
Since we are interested in ionization of a 1s electron with zero orbital angular momen-
tum l = 0, E1E1 transition allows only two possible ionization channels; s → p → s
and s→ p→ d (see Fig. 3). Therefore, only s and d partial waves of the free electron
are allowed in dipole approximation. While both of these channels are open for linear
and unpolarized light, only the s → p → d channel is open for circularly polarized
light. This restriction comes from the conservation of the angular momentum projec-
tion. Since we are considering two equally circularly polarized photons, the angular
momentum projection must change by ±2, then |mj| > 1/2 is always the case, making
the final s state forbidden. This is a point worth remembering. As we will soon see,
the absence of the s→ p→ s channel leads to a magnification of the screening effects,
which increases the probability of experimental detection of these effects.
Figure 6 shows the plots of the partial-wave cross sections considering only the s
or d partial-waves of the continuum electron as a function of excess energy. Results
are presented for ionization of hydrogen-like (dash-dotted red and short-dashed orange)
and neutral (solid black and long-dashed green) neon, germanium, xenon, and uranium
atoms by linearly polarized light. We can see that the energy dependence of the partial-
wave cross section of hydrogen-like ions fulfils our expectation we gained from Fig. 5.
The cross sections of s → p → d channel always dominates the s → p → s channel
and the two curves remain approximately parallel. Analogously to the total cross
section, both channels can be considered constant in nonresonant energy region up to
the proximity of the 1s→ 2p resonant energy. Similar behaviour can be seen in the case
of neutral uranium. However, for neutral atoms with lower nuclear charge, we observe
a competition of the two partial waves in near-threshold energy region. A drop of the
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Figure 6: The partial-wave cross section as a function of excess energy compared for the
s → p → s (long-dashed green) and s → p → d (solid black) ionization channels of neutral
atoms by linearly polarized light. Results for the s → p → s (short-dashed orange) and
s→ p→ d (dash-dotted red) ionization channels of hydrogen-like ions are also shown. As a
consequence of screening effects, the s→ p→ s channel becomes dominant for low-Z atoms
in near-threshold photon energies. The ratio of cross sections corresponding to ionization
by circularly and linearly polarized light is presented in top left corner of each figure. The
screening effects also result in a deviation of this ratio from the known estimate of the ratio
of cross sections corresponding to ionization by circularly σcirc or linearly σlin polarized light,
σcirc/σlin ≈ 3/2.
dominant channel occurs and creates a minimum of the cross section. We investigated
the behaviour of the dominant d partial-wave near the ionization threshold energy,
both with and without a screening potential, and found out that the d partial-wave
in the presence of other electrons expands much further from the atom. That is why
the d partial-wave contribution to the total cross section changes so drastically in this
energy region. An opposite behaviour, i.e. a wave function collapse, was observed in
Refs. [106, 107], where a strong increase of the single photon absorption cross section
was predicted. The cross section minimum in our results is most pronounced for neon,
for which the cross section of the s → p → s channel is greater than the dominant
s→ p→ d channel in an energy region from the ionization threshold up to a crossing
point of the channels at ε = 1.12. This crossing of the ionization channels is present
for atoms with nuclear charges in the range Z = 5− 13. Although for elements in this
range other than neon, the crossing point lies in lower energies and the effects are thus
weaker.
In the top left part of each of the figures 6, the ratio of total cross section for
ionization by circularly σcirc and linearly σlin light are also presented. According to the
known estimate σcirc/σlin ≈ 3/2 [3], the ratio should be always approximately equal
to 3/2 in nonresonant energy region. While this holds true for the hydrogen-like ions
(dash-dotted red curve), in the case of neutral atoms (solid black curve), the screening
effects result in a strong deviation from the estimated value. This follows directly from
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the discussion of partial waves above.
3.2.2 Ionization of p electrons
In comparison to previous subsection, the analytical analysis of the two-photon ion-
ization of a p electron increases on complexity due to the higher number of possible
ionization channels. There are thirteen possible fine-structure two-photon ionization
channels within electric dipole approximation. While it is still possible to analyze the
total cross section for this process analytically, it becomes lengthy and cumbersome.
On the other hand, the increased analytical complexity offers us new possibilities of
controlling the two-photon ionization process. This will not become immediately ap-
parent in the two-photon ionization cross section, however, in section 5.2.2 these ”new”
possibilities will be exploited in detail.
We use the Eq. (3.2) to derive the two-photon ionization of the atomic p shell
within electric dipole approximation. If we further assume that the ionizing beam is
fully polarized, we obtain the two-photon ionization cross sections for ionization of p1/2
and p3/2 respectively
σ(rel)p1/2 =
4pi3α2
25ω2
[
25(1− P 2c )|U (s1/2)p1/2 + U (d3/2)p1/2 |2 + (2 + P 2c )
[|5U (s1/2)p3/2 + U (d3/2)p3/2 |2
+ 54|U (d3/2)f5/2 |2
]]
(3.6)
and
σ(rel)p3/2 =
4pi3α2
54ω2
{
− 625 (−4 + P 2c ) |U (s1/2)p3/2 |2 + (82− 34P 2c ) |U (d3/2)p1/2 |2
+ 81
(
52− 49P 2c
) |U (d5/2)p3/2 |2 − 108 (−7 + 9P 2c )U (d3/2)p1/2 U (d5/2)p1/2
− 50U (s1/2)p3/2
[
2
(−1 + 7P 23 )U (d3/2)p3/2 + 27 (−4 + 3P 2c )U (d5/2)p3/2 ]
+ 7
(
2 + P 2c
) [
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(
5U
(s1/2)
p1/2 + U
(d3/2)
p1/2
)2]
+ 27
[(
7U
(d3/2)
f5/2
+ 3U
(d5/2)
f5/2
)2
+ 600|U (d5/2)f73/2 |2
]}
, (3.7)
where we used the fact that the transition amplitudes are real for nonresonant below-
threshold two-photon ionization. Equation (3.7) already demonstrates the higher level
of complexity. For analysis of the total two-photon ionization of light atoms, it is
reasonable to assume that the fine-structure splitting does not play a significant role.
In this nonrelativistic limit, it is possible to compactly express the cross section even
without assuming that the incident beam is fully polarized. Since the splitting of
the initial p state is not considered in this limit, by assuming the real-valued radial
amplitudes U
(lnjn )
lj
are equivalent for all fine-structure levels the two cross sections above
results in a one nonrelativistic cross section
σ(nonrel)p =
18pi3α2
25ω2
[
50|U (s)p |2 +
(
47 + 21P 2l − 45P 2c
) |U (d)p |2 + 20U (s)p U (d)p (1 + 3P 2l )
+ 9
(
7 + P 2l + 5P
2
c
) |U (d)f |2]. (3.8)
It is immediately clear that the nonrelativistic cross section expression offers signifi-
cantly compact and more intuitive form. Comparing the above nonrelativistic expres-
sion of the total two-photon ionization cross section to its relativistic equivalents, one
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Figure 7: Total cross section of two-photon ionization of 2p1/2 (dot-dashed blue) and 2p3/2
(full green) electrons of a magnesium atom by right circularly polarized photons as a function
of incident photon energy. The clearly visible resonances are due to matching of the photon
energy and the 2p → ns or 2p → nd transitions. Between each pair of nd3/2,5/2 resonances,
there is a clear local minimum of the cross section. Each minimum appears due to the
disappearance of the p→ d→ f channel and is called the nonlinear Cooper minimum.
can notice subtle differences. For example, while the nonrelativistic p → s → p chan-
nel is independent of the photon polarization, the fine-structure levels not only do, but
some even vanish completely in the case of ionization by pure circularly polarized light.
While in the previous subsection we concentrated on two-photon ionization of s
electrons near the two-photon ionization threshold, here, we demonstrate the impact
of nonlinear Cooper minimum on the two-photon ionization of p electrons. According
to the propensity rules [74], the ionization channel with the highest angular momentum
generally dominates the ionization process process. This means, that for two-photon
ionization of p electrons, the p→ d→ f mainly determines the process. At the nonlin-
ear Cooper minimum, this dominant ionization channel vanishes which is projected in
practically all observables of the process (see 2.2.2 for detailed description of nonlinear
Cooper minimum). Vanishing of the dominant ionization channel has indeed a signifi-
cant influence on the amplitude of the total two-photon ionization cross section. Figure
7 shows the cross sections for ionization of 2p1/2 and 2p3/2 electrons of the neutral mag-
nesium atom by two right-circularly polarized photons as a function of incident photon
energy. In this very dynamic energy range, we can notice resonances which originate
from the the photon energy matching the 2p → ns or 2p → nd electronic transitions.
Beside these resonances, clear minima of the cross sections are also visible. The photon
energies at which the total cross section is locally minimal correspond to the nonlinear
Cooper minima. Each of these points occurs between 2p → nd and 2p → (n + 1)d
resonances. In the case of two-photon ionization of magnesium 2p electron, the min-
ima appear near the resonance with lower principal quantum number. However, the
position of the nonlinear Cooper minimum can vary extensively between different ele-
ments. The exact position is determined by the complete energy spectrum of an atom.
Creation of an inner-shell hole in a p state often results in a strongly coupled system
and rigorous many-electron treatment would be required for accurate predictions. In
other words, experimental detection of the position of this nonlinear Cooper minimum
could put the theoretical construction of the complete atomic spectrum to a test and
could lead to our deeper understanding of light-matter interaction.
Just as we analysed the properties of the two-photon ionization of the s and p
electrons, it would of course be possible to carry the corresponding analysis for other
electron shells using the expression (3.2). However, due to the limited length of the
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Figure 8: The scaling factor ζ as a function of nuclear charge for ionization of a 1s electron of
neutral atoms (Z = 4− 92) by two linearly (left) and circularly (right) photons at the excess
energies ε = 1.05 and ε = 1.40. According to the nonrelativistic scaling of hydrogen-like
ions (dashed green), the cross section scales with Z−6. The deviation from this scaling due
to relativistic effects is clearly visible for hydrogen-like (dash-dotted red) as well as neutral
(solid black and short-dashed blue) atoms. Moreover, further deviation of the scaling factor
in low-Z region is present for neutral atoms due to screening effects.
dissertation, we restrict our analysis to the two-photon ionization of the two mentioned
shells.
3.2.3 Evaluation of relativistic and electron screening effects
Interaction of high intensity ultraviolet or x-ray laser pulses with atoms can results in
ejection of electrons from the atom at relativistic energies. It is therefore important
to evaluate the importance to account for relativistic effects [108, 109]. Reference
[30], Koval et al. show that in two-photon ionization of heavy hydrogen-like ions, the
relativistic effects contribute significantly to the ionization cross sections, and hence,
may not be neglected in their calculations. It is therefore reasonable to expect similar
behaviour for ionization of neutral atoms. The purpose of this subsection is to evaluate
the importance of using fully relativistic approach to describe the two-photon ionization
of atoms as well as to describe the difference of ionization of neutral and hydrogen-
like atoms. Since relativistic effects depend on the effective strength of the Coulomb
field the active electron is in, it is reasonable to perform the analysis on two-photon
ionization of 1s electrons. First, we will compare nonrelativistic electric-dipole with
fully relativistic calculations and investigate the dependence of the relativistic effects
on the nuclear charge. Moreover, we will also study the influence of the choice of
screening potential (see Sec. 2.2.3) on the total two-photon ionization cross section.
This will be done by performing additional calculations for two-photon ionization of
hydrogen-like atoms. Then, we carefully analyze the individual contributions to the
relativistic effects, which were introduced in Sec. 2.1.
In nonrelativistic theory, the nonresonant cross section for the two-photon ioniza-
tion of hydrogen-like ions in dipole approximation scales with the nuclear charge as
σ(Z, ωZ2) = σ(Z = 1, ω)Z−6 [21]. We adopt the approach from Ref. [30] and intro-
duce so called scaling factor ζ to the above expression, i.e., σ(Z, ωZ2) = ζ(Z)σ(Z =
1, ω)Z−6. The deviation of the scaling factor from the value 1 then represents various
effects arising from the full relativistic description and/or the inter-electronic interac-
tion. For nonrelativistic electric dipole calculation in Coulomb potential, the scaling
factor is ζ(Z) = 1 for all Z values and is almost independent of the excess energy in
the nonresonant region.
Figure 8 shows the plot of the scaling factor ζ(Z) as a function of nuclear charge
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for two-photon ionization by linearly, and circularly polarized light. The results are
shown for nonrelativistic (dashed green) and relativistic (dash-dotted red) calculations
for ionization of hydrogen-like ions as well as relativistic calculation for ionization of
neutral atoms at ε = 1.05 (solid black) and ε = 1.40 (long-dashed blue) excess energies.
We can see that for neutral atoms, there are two distinct deviations of the scaling factor
from the constant nonrelativistic value. One of the deviations stretches between the
medium- and high-Z region and is also present for the case of hydrogen-like atoms. The
second deviation lies in the low-Z region and is present only for the ionization of neutral
atoms. Let us first discuss the deviation in the low-Z region. This deviation results
from the interelectronic interaction, which decreases the electron binding energies and
as a result, increases the total cross section. We can see, that this is indeed the case for
the ε = 1.40 excess energy, where the screening effects increase the total cross section
in the low-Z region. This increase rapidly weakens with increasing nuclear charge as
we would expect. However, for ε = 1.05, the screening effects result in a decrease of
the cross section, with a maximum at Z = 10. The sharpness of the trough is a result
of the discrete values of the nuclear charge Z values. For photon energies exceeding
the ionization threshold by more than 15%, i.e. ε > 1.15, the trough vanishes. From
figure 8, we can see that the screening effects are stronger for the case of ionization by
circularly than linearly polarized light. We can understand this from a partial-wave
analysis, which reveals the local minimum of the dominant ionization channel for the
low-Z elements [64].
The second deviation of the scaling factor in medium- and high-Z region in the Fig.
8 arises from the relativistic effects. The importance of these effects linearly increases
with nuclear charge Z. We can also see that unlike screening effects, relativistic effects
are independent of polarization of the incident photon. From this we can conclude that
relativistic effects influence all partial waves in a same way. For two-photon ionization
of uranium, the relativistic effects decrease the total cross section by about a factor of
two. We would expect, that the relativistic effects would be stronger for the ionization
of hydrogen-like ions than for ionization of neutral atoms, since the electron binding
energies of hydrogen-like ions are higher. However, from Fig. 8, it can be seen, that
the deviation of the scaling factor (and therefore the cross section itself) for neutral
atoms due to relativistic effects is comparable as for hydrogen-like ions.
As we described in the second chapter of this thesis, relativistic effects constitute of
units of various origin. We will now closely investigate the individual contributions by
performing calculations within different approximations. Each of the approximations
can be understood as a certain simplification of Eq. (3.4). Firstly, in order to study
the effects of higher-order multipoles, we restrict the infinite summations in transition
amplitude (2.20) over the multipoles pJ to p = 1 (electric) and J = 1 (dipole) terms
only. This approximation is known as the dipole approximation (DA), and we denote
the corresponding cross section as σDA. Secondly, the summation in Eq. (3.4) over the
virtual intermediate states |nnκnmn〉 runs over the complete (positive and negative)
energy spectrum. The presence of negative energy states in the sum corresponds to
the process with creation of a positron in the intermediate state. Thus, in order to
enumerate the contribution from this process, we, in addition to the dipole approxi-
mation, restrict summation over the intermediate states to the positive energy states
only. We refer to this calculation as dipole and no-pair approximations (DA + NPA),
and denote the corresponding cross section as σDA+NPA. Finally, we consider also the
nonrelativistic limit (NR) of Eq. (3.4). For this, we employ the wave functions which
are the solutions of the Scho¨dinger equation and replace interaction operators α · a(p)J
by its nonrelativistic limit ωr/
√
6pi and also set p1 = p2 = 1 and J1 = J2 = 1. The
corresponding cross section is denoted as σNR. If, however, no approximation is made,
i.e., the Dirac equation is used to obtain the electron wave functions, summation over
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(a) Velocity gauge (b) Length gauge
Figure 9: Total nonresonant K-shell two-photon ionization cross section σ
(rel)
s1/2 as a function
of excess energy within different approximations; exact relativistic σExact (solid black), dipole
σDA (long-dashed green), dipole + no-pair σDA+NPA (short-dashed blue), and nonrelativistic
σNR (dot-dashed red). The calculations are carried out in (a) velocity (left column) and
(b) length (right column) gauges for ionization of neutral germanium, xenon, and uranium
atoms.
the intermediate states runs over both positive and negative energy states, and all
multipoles are taken into account, we refer to such calculations as ”Exact”, and we
write the cross sections as σExact. In practice, the multipole summation is restricted
to Jmax = 5, which is sufficient to obtain convergence of the corresponding total cross
section at less than 0.001% level.
Figure 9 presents the total nonresonant K-shell TPI cross section as function of
excess energy for the ionization of neutral germanium, xenon, and uranium atoms by
linearly polarized light. The minima in the total cross sections (see Fig. 9) in near-
threshold energies occur as consequences of screening effects as discussed earlier. Here,
we compare the total cross section values within various approximations and see that
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the major difference is present between σNR and all other approximations. The reason
for this is that the Dirac wave functions have been used in all calculations, except the
NR one, and solving the Dirac equation results in a contraction of the electron wave
function (see Fig. 1). As a consequence of this contraction, the total two-photon ioniza-
tion cross section is significantly lower in the relativistic description. We would expect
that the decrease of the exact calculation (in comparison to the nonrelativistic limit)
should be ”stronger” with increasing nuclear charge and photon energy. However, while
it is true that the cross section drop increases with nuclear charge, it slowly decreases
with energy. This is due to the higher multipole (beyond dipole approximation) effects,
which open further channels for the ionization. As it is clear from Fig. 9, the cross sec-
tion values in electric dipole approximation coincide with the exact calculation for near
threshold energies, however, the ”strength” of multipole effects increases with energy
and counteracts the cross section decrease due to wave function contraction. Thus,
in the exact calculation, the strength of the overall relativistic effects slowly decreases
with energy. We can see that this is the case both in velocity as well as length gauges.
The gauge independence does not hold any longer for the no-pair approximation. Our
results show that DA+NPA calculations result in a decrease of the total cross section
values in the velocity gauge, while in the length gauge they result only in negligible
effect (less than 0.05%). Thus, the negative continuum energy effects are only essen-
tial in the velocity gauge, where they lead to an increase of the cross section by up
to 10% as compared to the length gauge. The strong gauge dependence of negative
continuum energy effects has been previously also reported for the case of two-photon
bound-bound transitions in hydrogen-like ions [110, 111].
Although the importance of relativistic contributions to the two-photon ionization
was evaluated for ionization of K shell electrons, we can estimate the corresponding
contributions to other shells. From figure 9, we concluded that the dominant rela-
tivistic effect arises from the wave function contraction of the bound electron. Since
the Coulomb field is weaker for higher shell electrons, one would respectively also ex-
pect that their wave function contraction is less significant. This physical picture is
confirmed by figure 1, where the 2p electron wave function is affected by relativistic
contraction less than the 1s wave function. Quantitatively, one could therefore expect
that the importance of the relativistic effects for ionization of higher shells scales as
n−2 with respect to the two-photon ionization of K shell electrons. Same dependence
of the strength of relativistic effects on ω and Z is expected for ionization of higher
shells as for ionization K shell electrons.
3.3 Experimental status
While the first experiments measuring the two-photon ionization concentrated on ion-
ization of outer shell electrons [112–115], much of recent experiments probed the K
shell electrons of solid targets [24–27]. The ionization of these deeply bound electrons
was enabled by the advances in free-electron laser development. Although the non-
resonant two-photon ionization still remains a challenge due to low cross sections, it
is possible to detect the process by measuring the subsequent Kα fluorescence. This
fluorescence radiation emitted by the decay of the 2p electron into the 1s vacancy is a
direct signature of the two-photon ionization process. This approach has been exploited
in number of experiments [24–27]. The majority of inner-shell two-photon ionization
experiments has been performed on the nonresonant ionization of 1s electrons only,
which we analysed in Sec. 3.2.1. For this reason, we will concentrate on comparison of
our calculations with the above mentioned experimental measurements.
To compare the two-photon K shell ionization cross sections with theory, the Z−6
scaling introduced by Zernik [21] is often used. This simple nonrelativistic scaling
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Figure 10: The total cross section for two-photon ionization by linearly polarized light as
a function of nuclear charge. The cross section is plotted for incident photon energy near
two-photon ionization threshold, or in terms of the excess energy, ε = 1.05, (solid green).
The Z−6 scaling law (dot dashed blue), Z−4 scaling (dashed orange) and experimental values
for hydrogen [22, 23], helium [116](which was measure for above-threshold ionization with
41.8 eV photon energy), helium-like neon [38], cobalt [117] (a value obtained from scaled
one-photon absorption cross section), copper near one-photon [26] and two-photon ionization
threshold [27], germanium [24] and zirconium [25] atoms are also shown.
law reaches a good agreement with the full relativistic calculation and most of the
experimental values. Figure 10 shows calculated total cross sections for elements in
the range Z = 1 − 92 for photon energy near the two-photon ionization threshold
(ε = 1.05, solid green) as well as the scaling law (dot-dashed blue). One can notice
slight deviations of our calculated cross sections from the Z−6 scaling, explicitly, two at
low Z elements and then at high Z. The deviation at two-photon ionization of low Z
elements is caused by the electron screening effects discussed earlier. While for helium,
the electron screening results in higher cross section, for Z ≈ 10, the screening has an
opposite effect. For two-photon ionization of heavy elements, the relativistic effects,
which were analyzed in previous section, start to significantly contribute and decrease
the cross section value. The explicit decrease of the cross section for high-Z atoms can
be better seen in Fig. 8.
Figure 10 also shows experimental values (red marks) for the two-photon K-shell
ionization of hydrogen [22, 23], helium [116], helium-like neon [38], cobalt [117], copper
near one-photon [26] and two-photon ionization threshold [27], germanium [24] and
zirconium [25] atoms. Out of these experiments, the values for two-photon ionization
of helium atoms [116] were performed with photon energy of 41.8 eV, and hence, it
corresponds to above-threshold ionization, where already the first photon promotes the
electron to continuum. Moreover, the cross section for ionization of cobalt [117] was
obtained from a previously obtained scaling between one- and two-photon absorption
[26]. We can also see that our cross section value for ionization of germanium [24],
copper [27] as well as zirconium [25] is close to the experimental value, which lies
within the experimental uncertainty. These experiments have been performed with
photon energies tuned to the vicinity of two-photon ionization threshold. On the other
hand, in another experiment, Doumy, et al. [38] measured the two-photon ionization
of helium-like neon to be 7×10−54 cm4 s. Theoretical calculations [31, 118, 119] of this
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cross section resulted in a discrepant value, lower by about three orders of magnitude.
We applied our formalism for the case of Ne8+ as well, and obtained a cross section
of 3.1×10−57 cm4 s which is in an agreement with previous calculations [31, 118, 119].
The three orders of magnitude deviation obtained suggests a resonant enhancement
of the cross section and can be explained by broader spectral bandwidth of the FEL
employed. Furthermore, the experimentally determined cross section for two-photon
ionization of cobalt [117] and copper [26] atoms are also orders of magnitude larger
than theoretically predicted values. These experiments have been performed at photon
energies near the one-photon ionization threshold. Similarly as in the case of two-
photon ionization of helium-like neon, this could be possibly explain by the spectral
properties of the free-electron laser beams. It has been suggested, that the total cross
sections near one-photon ionization threshold could be scaling with the fourth power
of nuclear charge, instead of the sixth, i.e. σ(Z, ωZ2) = σ(Z = 1, ω)Z−4 [117]. At this
point, there are further experiments planned to test this scaling hypothesis.
At the time of writing, there are already numerous experiments planned to be
carried out to measure the total two-photon ionization cross sections. For example,
there are experiments planned at the SACLA free-electron laser facilities to carry out
laser assisted ionization, in which an K shell electron is promoted into the Rydberg
manifold by an extreme ultraviolet pulse and is ionized by an overlapping infrared
beam. Another promising idea comes from the ion trap project called HILITE at GSI
Helmholtzzentrum fu¨r Schwerionenforschung in Darmstadt [120]. The penning trap
developed by the group will be able to trap charged ions which will be then coupled
to a free-electron laser with the goal to detect multi-photon ionization. This approach
would allow to study the two-photon ionization on a fundamental level and explore the
effects of changing atomic potential (by varying the charge state) on the total cross
section.
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4 Emission Direction of Photoelectrons
When an electron is photoionized from an atom, it is generally not emitted homoge-
neously into all directions. Instead, the emission along the electric field vector of the
incident light is generally preferred. However, does this general expectation hold in all
cases? Is there any specific photoelectron emission direction that is forbidden? Does
the electron emission direction depend on the handedness of the ionizing light? On
the course of this chapter, we will unveil the answers to these questions and discover
further insights.
In the previous section, we have ignored any angular dependence of the electron
emission, and assumed that we are able to collect photoelectrons emitted in all direc-
tions. However, it is indeed experimentally possible to resolve the angular emission of
the photoelectrons. In this chapter, we will show that carrying out such angle-resolved
studies is important for our understanding of light-matter interaction, and demonstrate
that these studies reveal information, which was not contained in the total cross sec-
tions. One such example is the photoelectron phase, which allows us to study the
time delay in photoionization [81, 121, 122], or give rise to interesting effects such as
elliptical dichroism in two-photon ionization [67]. The measurements of photoelectron
angular distributions can also reveal light-matter interaction beyond the electric dipole
approximation. Contributions of higher multipole transitions can be extracted from the
forward-backward asymmetries in photoelectron angular distributions [30, 46, 62, 123].
Furthermore, particularly in nonlinear regime, photoelectron distributions can be used
for accurate extraction of ionization parameters [56]. This is the case as the angular
distributions are generally insensitive to experimental parameters such as beam in-
tensity, which is the main limitations of experimental accuracy. All above mentioned
properties of angular distributions provide a strong motivation to study this observable
for the fundamental two-photon ionization process.
We start with a general description of angle-resolved photoelectron emission in
the following subsection. Then, analogously to the previous section, we will perform
electric dipole approximation to derive photoelectron distributions for two-photon ion-
ization of specific electron shells and analyse the effects of polarization of the incident
photons on the distributions. Analysis of these results will lead us to description of
elliptical dichroism as well as to studying its physical origin and properties. In the
final subsection, we will compare our calculations to experimentally obtained results.
We will present some of our results in a form of three dimensional plots, where the
length of a point from the distribution center represents the amplitude of the cross
section in that particular direction. An example of such distribution is shown in Fig.
11. In the figure, we also present two different planes which will be used in this section
for presentation of the results. The left side of Fig. 11 shows a plane perpendicular
to the photon propagation direction, which will be particularly useful in studying the
left-right asymmetry in photoelectron distributions for two-photon ionization by ellip-
tically polarized light. The right side of Fig. 11, shows a plane which intersects the
three dimensional distribution in the plane spanned by the photon propagation and
linear polarization directions, which will be important in quantifying the relativistic
effects in photoelectron angular distributions.
4.1 General angle-differential cross section
Similarly as in previous chapter, we start with the general density matrix of the final
state Eq. (2.31) and trace out those degrees of freedom, which we consider to be un-
observed in an experiment. For the angle-differential cross section, we do not consider
observation of the spin state of the escaping electron nor the polarization of the pho-
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Figure 11: Photoelectron angular distributions for two-photon ionization in considered ge-
ometry. The propagation direction of the two incident photons defines the quantization axis.
The photoelectron emission direction is defined by two angles θ and φ. Results in this chapter
will be presented in three different forms. Three dimensional distributions, where the length
of a side represents the magnitude of cross section in given direction, in plane perpendicular
to the photon propagation direction (left), and in the plane created by the linear polarization
and photon propagation directions (right).
toion. We do however consider detectors which are sensitive to the direction of emission
of the photoelectron. In order to obtain the angle-differential two-photon ionization
cross section, we need to sum over all quantum numbers of the final ion state as well
as the photoelectron spin projection. The angle-differential cross section has the form
dσ(ω)
dΩ
=
8pi3α2
ω2
∑
JfMfme
〈αfJfMf ,peme |ρˆf |αfJfMf ,peme〉 (4.1)
=
8pi3α2
ω2[Ji]
∑
λ1λ2
λ′1λ
′
2
〈kλ1 |ρˆγ|kλ′1〉 〈kλ2 |ρˆγ|kλ′2〉
∑
JfMf
Mime
Mλ1λ2JiMiJfMfmeM
λ′1λ
′
2∗
JiMiJfMfme
.
This cross section places no restriction on the photon polarization nor on the angular
momentum properties of the active electron, however, it does not offer any theoretical
insights into the ionization process. To analytically investigate the properties of the
angle-differential two-photon ionization cross section, we need to restrict our analysis
to ionization of a specific shell. Consistently with the previous section, we perform
the analysis for two-photon ionization of s and p electrons. Moreover, for practical
purposes, we apply the electric dipole approximation, which nevertheless describes the
dominant part of the photon-electron interaction. Later, we will present numerical
calculations of the cross sections including higher multipole orders, which will be done
using Eq. (4.1).
4.2 Ejection of an electron from specific electron shells
4.2.1 Ionization of s electrons
We start with a discussion of the photoelectron emission direction in the case of two-
photon ionization of s electrons. Although we will restrict this discussion to electric
dipole interaction only, later, we will analyse the limits of this approximation in later
section. The relatively low amount of ionization channels in the case of ionization of s
electrons makes the analysis of the photoelectron angular distributions allows to still
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provide fairly compact expressions. This analysis has been done before by Manakov
et al.[124], who derived the photoelectron angular distributions expression for two-
photon ionization in a nonrelativistic picture and for purely polarized light. Since the
relativistic treatment is more complex than nonrelativistic one due to the fine structure
of the atomic levels, we also assume purely polarized photons, i.e. P 2l + P
2
c = 1.
However, later when we reduce our formalism to the nonrelativistic limit, we will
uplift this restriction placed on incident photon polarization and obtain a more general
expression. Under the above mentioned constrains, the angle-differential cross section
for two-photon ionization of s electrons is obtained from the general Eq. (4.1)
dσ
(rel)
s
dΩ
=
pi2α2
10ω2
{
10|Us1/2|2P 2l +
1
5
|Ud3/2|2
[
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]
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81
10
|Ud5/2|2
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]
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e
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]]
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e
i(∆d5/2−∆d3/2 )[15sin4θ(Plcos(2φ)− 1)2
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, (4.2)
with Us1/2 = U
(p1/2)
s1/2 + 2U
(p3/2)
s1/2 and Ud3/2 = 5U
(p1/2)
d3/2
+ U
(p3/2)
d3/2
, and Ud5/2 = U
(p3/2)
d5/2
.
If we compare this expression to its angle-integrated equivalent (3.4), which repre-
sents the total two-photon ionization cross section, we can notice, that the photoelec-
tron angular distributions offer access to information, which cannot be obtained from
the total cross section. For example, the interference terms between the channels with
final s and d symmetry are the only terms of Eq. (4.2) which depend linearly on the
degree of circular polarization. This means that the interference gives rise to interesting
phenomena such as elliptical dichroism (see Sec. 4.3 for more details). Moreover, the
photoelectron angular distributions also contain the information about the difference
of photoelectron phases of different ionization channels, which can play a key role in
determination of the emission direction of the photoelectrons.
In nonrelativistic limit, the radial transition amplitudes U
(lnjn )
lj
and phases ∆κ are
considered to be equivalent for individual fine-structure levels. This means that the
five possible ionization paths reduce to two nonrelativistic paths s → p → s and
s → p → d (see Sec. 2.2.1 for more details and Fig. 3 in particular for an illustrative
explanation). Both of these channels contain a transition through intermediate state
with p symmetry. For the sake of shorter notation, we will omit the superscript from
the notation of transition amplitudes. In the nonrelativistic limit the angle-differential
two-photon ionization cross section is given by
dσ
(nonrel)
s
dΩ
=
9pi2α2
2ω2
{
|Us|2P (4.3)
+ |Ud|2
[
P − 3sin2θ(P + 2Plcos(2φ))+ 9
2
sin4θ
(
1 + Plcos(2φ)
)2]
+ 2Re
[
UsU
∗
de
i(∆s−∆d)[P − 3
2
sin2θ
(P + 2Plcos(2φ) + 2iPlPcsin(2φ))]]},
where the parameter P = 1 + P 2l − P 2c , takes the value P = 2 whenever the incident
photons are purely linearly polarized and P = 0 for purely circularly polarized light.
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Unlike in the relativistic expression, the Stokes parameters in Eq. (4.3) can take any
value, as we did not assume that the photons are fully polarized, i.e. P 2l + P
2
c = 1. If
we would consider that the photons are purely polarized, the above formula reduces to
the one derived in Ref. [105].
The general structure of this thesis aims to present numerical examples for each
analytical case study. However, plethora of examples of two-photon ionization of s
electrons will be presented in this section in the next sections and presenting examples
here would lead to an unnecessary repetition. We will, therefore, restrain of presenting
any results in this subsection and refer the curious reader to further section for examples
of the corresponding angular distributions.
4.2.2 Ionization of p electrons
As we have seen in the case of total two-photon ionization cross section, the complex-
ity of analytical analysis of two-photon ionization of electrons with nonzero angular
momentum is generally higher than for the case of ionization of s electrons. While in
the case of total two-photon ionization the relativistic cross section expression was of a
reasonable length, in the case of electron angular distribution the cross section reaches
impractical complexity. For this reason, in this chapter we will abandon our general
top-to-bottom approach in which we derive the relativistic expression and then reduce
it a nonrelativistic limit. Instead, we directly derive only the nonrelativistic angle-
differential two-photon ionization cross section. Numerically, however, it causes no
difficulties to calculate the corresponding cross section. The general angle-differential
cross section (4.1) was used to obtain the results in this subsection.
By selecting the initial state together with the electric dipole approximation, equa-
tion (4.1) can be used to obtain the angle-differential cross section for two-photon
ionization of p electrons in the nonrelativistic limit
dσ
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.
As a reminder, the symbol P is given by P = 1 +P 2l −P 2c , and hence vanishes for pure
circular polarization and is equal to two for linear polarization. Even in nonrelativis-
tic limit, the angle-differential cross section for two-photon ionization of p electrons
becomes lengthy. Nevertheless, it is worth noticing few details which reveal some prop-
erties of the photoelectron distributions. For example, the first four terms (including
one interference term) of the above expression do not depend on the photoelectron
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Figure 12: Two-photon ionization of magnesium 2p electrons with linearly polarized light.
The upper figure shows the total cross section for ionization of p1/2 (solid black) and p3/2
(dashed green) electrons in the vicinity of nonlinear Cooper minimum (see Sec. 2.2.2 and Sec.
3.2.2 for details). The lower part of the figure three photoelectron angular distributions at
energies lower than, matching and higher than the nonlinear Cooper minimum corresponding
to ionization of the 2p1/2 electron. Distributions are shown for ionization of both 2p1/2 (solid
black) and 2p3/2 (dashed green) electrons. The magnitudes of the distributions were scaled
for clarity. The distributions are shown in a plane perpendicular to the photon propagation
direction (see Fig. 11).
phase, since the final partial wave is the same and the phases cancel out. The last
two interference terms, which do depend on the photoelectron phase, also contain a
term which is linearly proportional to the degree of circular polarization of the incident
photon and the angle φ. It is these terms which give rise to rise to sensitivity of the dis-
tributions to the helicity of the light and to left-right asymmetries in the distributions.
The outcome of these contributions will be discussed in Sec. 4.3.
Since we will concentrate on two-photon ionization of atomic s electrons in the rest
of this chapter, we take the opportunity here to present few examples of two-photon
ionization of p electrons. Similarly as in Sec. 3.2.2, we will investigate the behavior
of cross sections of two-photon ionization of 2p electrons of magnesium atom in the
vicinity of nonlinear Cooper minimum. However, this time we consider ionization by
linearly polarized light and study the dynamics of the corresponding photoelectron
angular distributions. Figure 12 show the total two-photon ionization cross section
for ionization of p1/2 (solid black) and p3/2 (dashed green) electrons in the vicinity of
nonlinear Cooper minimum of the p1/2 electron. Below, corresponding photoelectron
angular distributions are shown at three photon energies; lower than, equivalent to and
larger than the nonlinear Cooper minimum. The photoelectron angular-distributions
can be understood from the consideration of interplay of ionization channels. There
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are three possible nonrelativistic ionization channels, generally, the p→ d→ f channel
dominates [74], which results in the typical distributions such as the left- and right-
most plots of figure 12. However, this dominant channel vanishes at the nonlinear
Cooper minimum and the distribution is determined by the symmetry of the other
two channels (see Fig. 3). For this reason, the distribution for two-photon ionization
of 2p1/2 electron of magnesium at the photon energy ω = 55.875 eV strongly varies
from the rest. It is also worth noting, that for two-photon ionization at the nonlinear
Cooper minimum, the photoelectron emission does not follow the photon polarization
vector, but is emitted perpendicularly to this direction. The shown distributions were
scaled for clarity, but without the scaling the distribution corresponding to ionization
of p1/2 electron at the nonlinear Cooper minimum would be much smaller than the one
for ionization of the 2p3/2 electron, due to the lower total cross section value.
4.2.3 Dependence on polarization of ionizing light
Already from single-photon ionization, it is well known, that the emission direction of
an electron depends on the photon polarization. Often, the dominant emission direction
is explained with the help of the direction of the electric field. This ”rule of thumb”
holds also for two-photon ionization, however, two-photon ionization offers some subtle
differences. We will describe the electron emissions for two-photon ionization of s and
p electrons below.
In the two-photon ionization, the photoelectron angular distribution shows more
often than not the same behavior, quite independent of the atomic target and the cou-
pling of the valence-shell electrons. Figure 13 displays such typical distributions for
four different photon polarizations; circular, linear, elliptical, as well as for unpolarized
photons. For the ionization by circularly or unpolarized photons, obviously, the photo-
electron angular distributions are always axially symmetric and, thus, independent of
the azimuthal angle φ. It is worth noting, that for two-photon ionization of unpolar-
ized atoms by two completely circularly polarized photons, there is no photoelectron
emission along the photon propagation direction. Indeed, the emission along this axis
is forbidden by the conservation of projection of angular momentum. Since the helicity
of the two photons is λ1 +λ2 = ±2, the change in the projection of angular momentum
cannot be compensated by the photoelectron emitted along the photon propagation
direction. However, for ionization by photons with a lower degree of circular polariza-
tion (i.e. Pc < 1), the electron emission along the quantization axis becomes possible.
With ever decreasing degree of polarization, the distribution will become similar to the
one for the unpolarized case. This can be also seen analytically from Eq. (4.3). For
the completely circularly polarized case (Pc = 1), we have P = 0 and Pl = 0. There-
fore, the photoelectron distribution is given solely by the sin4θ distribution, which
corresponds to l = 2, m = ±2 partial wave of the photoelectron. The pure depen-
dence on the sine function analytically confirms the zero emission cross section in the
photon propagation direction (θ = φ = 0). Similar conclusion can be drawn if one
considers two-photon ionization of p electrons and considers the Eq. (4.4). If we now
decrease the polarization purity, other partial waves will also contribute to the pho-
toelectron distribution and the emission into forward direction will increase. For the
case of two-photon ionization of atoms by linearly polarized light, the photoelectrons
are dominantly emitted along the photon polarization direction. However, as we have
seen in previous section, this rule can be broken under special circumstances, such as
at the nonlinear Cooper minimum. From Eq. (4.3), we see that the distribution now
depends also on the azimuthal angle φ, and that it contains contributions from both
ionization channels.
Figure 13 shows the two-photon ionization of s electrons. The photoelectron an-
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Figure 13: Typical photoelectron angular distributions for the nonresonant two-photon
K-shell ionization of neutral atoms for incident photons polarized circularly (Pc = 1),
linearly(Pl = 1), elliptically (P
2
c = 1/2, P
2
l = 1/2), or unpolarized (Pc = 0, Pl = 0).
gular distributions for two-photon ionization of other shells generally posses similar
properties as those, shown above. However, some features vary. For example, for two-
photon ionization of p electrons by linearly polarized light, the emission in the plane
perpendicular to the photon propagation and polarization directions is smaller. Anal-
ogously, for ionization by unpolarized light, the emission of photoelectrons along the
photon propagation direction decreases with respect to the distribution shown in Fig.
13. These differences can be understood by the geometrical properties of partial waves
with higher angular momentum, which posses the above described features.
Although the distributions of Fig. 13 generally provide a good description of
the photoelectron emission direction for two-photon ionization of s electrons, we will
present cases where significant deviations from these distributions occur due to screen-
ing or relativistic effects. While the screening effects are taken into account also in the
nonrelativistic cross section (4.3), which can be characterized by two parameters, the
expression is insufficient to describe relativistic processes. In the following section, the
validity of the nonrelativistic description will be critically evaluated and its limitations
will be shown. Moreover, the importance of the screening potential will be assessed.
4.2.4 Evaluation of relativistic and electron screening effects
Up until now, we have concentrated on the photoelectron angular distributions of
two-photon ionization only within the electric dipole approximation. In the case of
total two-photon ionization cross section, we have shown that the multipole effects
can become important for heavy atoms. It is generally known, that photoelectron
angular distributions are even more sensitive to the precise theoretical treatment. The
multipole effects, for example, have been accessed in one-photon ionization through
detection of photoelectron distributions in the vicinity of Cooper minimum or giant
dipole resonance [45, 62, 78]. Therefore, it is reasonable to question the degree of
validity of the simplified expression (4.2) in comparison to the exact treatment (4.1).
Moreover, it was shown that the electron screening effects can influence the value of
the total cross section. This implies that also the photoelectron distributions will be
influenced. That is why we will compare our calculations for two-photon ionization of
neutral atoms, with those for ionization of hydrogen-like atoms. For convenience, we
will restrict our analysis to two-photon ionization of K shell electrons only.
Figure 14 presents the photoelectron angular distributions of the two-photonK-shell
ionization of neutral and hydrogen-like atoms for two excess energies (ε = 1.05, 1.40)
and for four different elements (Ne, Ge, Xe, U). The solid black distributions corre-
spond to the relativistic calculations of two-photon ionization of neutral atoms, while
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Figure 14: Screening and multipole contributions to the two-photon K-shell ionization of
neutral Ne, Ge, Xe, and U atoms, using linearly polarized photons with ε = 1.05 (upper row)
and ε = 1.40 (lower row) excess energies. An exact relativistic computation of two-photon
ionization of neutral atoms (solid black) is compared with a nonrelativistic calculation for
ionization of hydrogen-like ions (dashed green) is presented. At ε = 1.05 excess energy, the
photoelectron emission from a neon atom (upper-left figure) significantly decreases along the
polarization axis due to the screening effects. For uranium ε = 1.40 (lower-right figure), the
emission into the incident photon direction is highly promoted due to relativistic effects. In
order to compare the results for neutral atoms and hydrogen-like ions, the distributions have
been scaled in the given plane. All plots were obtained for φ = 0, i.e. in the εˆkˆ-plane (see
figure 11).
the dashed green distributions correspond to the nonrelativistic calculations of two-
photon ionization of hydrogen-like ions. The results of the latter serve as reference
distributions, since they are neither affected by the relativistic nor screening effects.
Therefore, the comparison of the corresponding results for these two calculations gives
us the necessary insight on how the relativistic and multipole contributions affect the
angular emission of photoelectrons in the two-photon K-shell ionization of atoms and
ions.
There are various relativistic contributions to the cross sections. For the total cross
section, the relativistic contraction of the wave function may result in a reduction of up
to 30%, while the higher multipoles give rise to rather small changes only (see section
3.2.3). For the photoelectron angular emission, in contrast, the different multipole
contributions may significantly alter the distribution. These contributions sensitively
depend on the nuclear charge and the energy of the incident photons. For ionization
of medium and heavy atoms with high energetic photons, forward emission of the
photoelectron is enhanced, while the backward emission decreases. This distortion
of the angular distribution can be clearly seen in Fig. 14, together with the nuclear
charge and photon energy dependencies. Although, we present results for incident
linearly polarized light, an identical change of the distributions is found for all types of
polarization. A similar behavior was found in relativistic calculations of hydrogen-like
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atoms [30]. Interestingly, the distortion of the distribution due to the multipole effects
in two-photon ionization of neutral atoms is comparable with the one for hydrogen-
like ions. This can be understood from Fig. 14. Since the importance of multipole
contributions depends more strongly on the relative photon energy (the excess energy),
the results do not significantly differ if the nuclear potential is partially screened by
the electrons in higher shells.
From the analysis of relativistic effects, it may seem, that neglecting the screening
effects of inactive electrons would not yield a significantly different results, as long
as we include higher multipole orders of the photon field. However, from Fig. 14,
it can be seen that following this rushed conclusion could lead to large errors. This
is because the screening effects are significant for photon energies near the ionization
threshold and light elements. The influence of the screening effects was found strongest
for the two-photon ionization of neon, where the electron emission along the photon
propagation axis exceeds the emission along the linear polarization axis. This result
can be best understood in the simplified electric dipole picture, where there are only
two ionization channels present; s channel and d channel, where s and d refer to
the partial waves of the emitted photoelectron. The contribution of the s channel
to the cross section is angle-independent, and is therefore spherically symmetric. On
the other hand, the contribution of the d channel is similar to the distribution of
two-photon ionization by linearly polarized light with most photoelectrons emitted
along the photon polarization direction, see Fig. 13. Generally, the ionization channel
with higher angular momentum is dominant, hence, only small contribution to the
distribution arises from the s channel. However, in Sec. 3.2, we have shown that
due to the screening effects, the dominant d channel drops down for light elements
in near-threshold ionization, while the amplitude of the s channel increases. This
is exactly what we can see in Fig. 14. The emission along the polarization axis
sharply decreases (d-channel contribution) and the emission into all direction slightly
increases (the spherical contribution of the s-channel). Instead, if we consider the case
of ionization by completely circularly polarized light, i.e. Pc = ±1, only the d channel
contributes to the cross section. More specifically, only the d channel with projection
of orbital angular momenta me = ±2 contributes. This leads to the typical doughnut
shape distribution. Since there is only one active channel, screening effect lead solely to
the decrease of the magnitude of the cross section. As none of the described behavior
has been observed in two-photon ionization of hydrogen-like ions, it must therefore
arise from the additional screening potential created by the inactive electrons.
A similar analysis to evaluate the importance of relativistic effects can be of course
carried out for ionization of any electron shell. Although we will not perform such
analysis, we can utilized our gained experience to make an educated guess of what
results we would expect. From Fig. 14 it is apparent, that screening effects can alter
the photoelectron distributions significantly near the two-photon ionization threshold
due to changing amplitudes of the ionization channels. This dynamic behaviour of the
ionization channels is typically rather difficult to predict, without a calculation. It is,
however, expected that this effect would occur in ionization of higher shells as well. The
relativistic effects are generally easier to predict. Figure 14 shows, that the distortion
of the photoelectron distributions into the forward direction are more significant for
tightly bound electrons and for high photon energies. Hence, simply by comparing the
magnitude of the Coulomb potential, one could quickly estimate the relativistic effects
for two-photon ionization of electrons with nonzero angular momentum.
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4.3 Elliptical dichroism
4.3.1 What is dichroism?
It is well known, that when unpolarized atoms or mirror symmetric molecules are
irradiated with an ionizing circularly polarized light, the ionization cross sections are
identical for the left- and right-handedness of the light. When the atoms are initially
polarized, in magnetic field or if the molecules are chiral, however, the cross sections
generally depend on the handedness of the light [125–128]. The different outcome
of cross sections for left- and right- polarized light, so-called circular dichroism, has
been explored for many years. Since its discovery, it has become an inevitable tool for
studying biomolecules [129], and for determining the structure of chiral molecules [130].
However it has also found an application in other fields; for example in polarization
effect control [131], or control of optical activity in metamaterials [132].
Three decades ago, observations of left-right asymmetries in photoelectron angular
distributions in above-threshold ionization of unpolarized noble gas atoms by ellipti-
cally polarized light were observed for the first time [133], and it was demonstrated,
that dichroism itself does not require a chiral target, but arises also from nonlinear
interactions with elliptically polarized light. Although the origin of the asymmetries
remained unclear to the authors at that time, first reasoning for this asymmetry could
be found already in an earlier work of that year [134], in which this asymmetry re-
mained unnoticed. The dots were soon connected by two theoretical groups [135, 136],
who provided a brief explanation of the phenomenon based on lowest-order pertur-
bation theory. While these theories fully describe the observed elliptical dichroism, a
lucid explanation is still missing until the present.
Goreslavski et al. have shown that the asymmetries in the angular distributions can
be understood from the changes in Coulomb potential as seen by the emitted electron.
From a theoretical point of view, this means that the widely used Keldysh approxi-
mation is insufficient the dichroism, and hence, that the binding potential needs to be
treated explicitly [137, 138]. In the 90s, however, such studies on the elliptical dichro-
ism were restricted by the rather low energies of the available lasers. These lasers only
allowed two schemes to be realized, either the production of very slow photoelectrons
due to the absorption of the minimal number of photons necessary for an ionization
to occur, or by making use of above-threshold ionization by absorbing additional pho-
tons in the focus of strong laser fields [124, 139, 140]. The first option was performed
experimentally e.g. for the two-photon ionization of the rubidium 5s 2S1/2 electron
[115, 141], with the emphasis on extracting relative phases and transition amplitudes
from the photoelectron angular distribution [142]. These experiments gave rise to an
unexpected cross section ratio of the two fine structure channels (partial d wave), and
suggested much stronger spin-orbit effects than predicted theoretically [143]. Further
studies on the elliptical dichroism were performed for near-threshold energies, and
confirmed strong asymmetries for several atoms [64, 66, 144]. Elliptical dichroism is
generally always present in the two-photon ionization photoelectron angular distribu-
tions. However, it is typically difficult to estimate the magnitude of the dichroism
parameter without performing detailed calculations.
To make the notation in this chapter simpler, we define dσ±/dΩ as the angle-
differential cross sections for ionization by right- or left-handed light. With this defi-
nition, we can analytically describe the dichroism using a normalized parameter given
by
∆ed =
dσ+/dΩ− dσ−/dΩ
dσ+/dΩ + dσ−/dΩ
. (4.5)
These cross sections could be in a general case also replaced by the total cross sec-
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Figure 15: Elliptical dichroism in nonresonant two-photon K-shell ionization of neutral neon.
The angular distributions are presented in the plane perpendicular to photon propagation
direction (the polar angle θ = pi/2) for two photon excess energies; ε = 1.05 (left) and ε = 1.40
(right). The photon polarization is Pl = 1/
√
2 and Pc = 1/
√
2 (solid black) or Pl = 1/
√
2
and Pc = −1/
√
2 (dashed green). The sensitivity of the dichroism is clearly visible from the
distributions as well as from the relative dichroism parameter ∆ed (middle).
tions, however, in the case of two-photon ionization of unpolarized targets, this would
always yield a zero dichroism. The dichroism parameter takes values in the interval
∆ed ∈ [−1, 1], where |∆ed| = 1 describes the maximum possible effect. To express the
dichroism parameter explicitly, let us write the parameter for two-photon ionization of
atomic s electrons, for which the nonrelativistic limit of the above expression takes the
form
∆ed =
−12UsU∗dPlPc sin(∆s −∆d) sin2 θ sin(2φ)
dσ+/dΩ + dσ−/dΩ
, (4.6)
where the denominator of this expression yields twice the Eq. (4.3) except of the the
very last term. The superscript in the transition amplitude was once again dropped
for brevity, i.e. Ud = U
(p)
d . Equation (4.6) demonstrates that the dichroism parameter
is given by the helicity dependent term(s) normalized to all terms independent of the
light handedness. Its magnitude is also strongly determined by the difference of the
photoelectron partial wave phases.
To allow the reader to get first intuitive feeling about the elliptical dichroism and to
demonstrate its magnitude can vary, we present an example. In figure 15, we show the
photoelectron angular distributions in the polarization plane for two-photon ionization
of 1s electron of neon atom by elliptically polarized light, with P 2l = 1/2 and P
2
c = 1/2.
The figure shows distributions for ionization by photons with excess energies of ε = 1.05
(left) and ε = 1.40 (right) as well as the dichroism parameter for both cases (middle).
This figure clearly shows the energy dependence of the elliptical dichroism. While
for low energies, the difference between ionization the atom by right Pc = 1/
√
2 and
left Pc = −1/
√
2 handed light is large and the dichroism parameter nearly reaches
unity for four given values of φ, the dichroism for the higher energy is much weaker.
A similar behavior applies to the dependence on nuclear charge, with the dichroism
being strongest for neon atom. The large value of elliptical dichroism parameter here is
due to the screening effects also discussed in previous section. The otherwise dominant
d ionization channel decreases, and s channel increases, the relative amplitude of the
interference term of Eq. (4.6) increases, and hence, the sensitivity to the handedness of
light increases. As shown in Ref. [64], the screening effects for two-photon ionization of
s electrons are strongest for neon, therefore, even the dichroism is largest for ionization
of the neon atom. Since the screening effects are fully encapsulated in the transition
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Figure 16: Nonresonant two-photon ionization of 3p electron of krypton atom by elliptically
polarized light with energy ω = 235 eV. The plot demonstrates the low sensitivity of ellip-
tical dichroism to the ellipticity of light. The left-hand side figure shows the photoelectron
distribution for two-photon ionization by 50% linearly and 50% circularly polarized light,
while the right-hand side figure shows distribution corresponding to 80% linearly and 20%
circularly polarized light. The angular distributions are presented in the plane perpendicular
to photon propagation direction (the polar angle θ = pi/2), see Fig. 11.
amplitudes and since the relativistic effects are low for light elements, the elliptical
dichroism can be described well with the nonrelativistic expression (4.6).
We will discuss the origin and characteristics of the elliptical dichroism on example
of two-photon ionization of s electrons. However, this does not mean that the effect
appears only in this case. It is actually quite contrary. The elliptical dichroism appears
generally in two-(or even multi-)photon ionization of any atomic shell, independent of
the angular momentum. The terms which give raise to the elliptical dichroism, i.e.
those which linearly depend on the degree of circular polarization of the ionizing light,
can be seen in the interference in Eq. (4.4).To briefly support this claim by a numerical
calculation, we present figure 16, where the photoelectron angular distribution for two-
photon ionization of the 3p electrons of neutral krypton by elliptically polarized light
are shown. The distributions correspond to ionization either by right-(solid black) or
left- (dashed green) handed light. This figure also demonstrates the dependence of the
elliptical dichroism on the ellipticity of the ionizing light. The left plot was generated for
P 2c = 1/2 and P
2
l = 1/2 while the plot on the right-hand side corresponds to P
2
c = 1/5
and P 2l = 4/5. Although the dichroism is more pronounce when the photons are half
circularly polarized, the dichroism is still strong even at 20% of circular polarization.
4.3.2 Origin of the elliptical dichroism
The concept of circular dichroism is well known not only in the fields of atomic and
molecular physics but is also applied in fields such as biology. The explanation of
circular dichroism which uses the geometrical picture of chiral molecules or oriented
atoms is widely accepted and became for many the default condition for occurrence
of sensitivity to photon handedness. That is why elliptical dichroism is startling at
first, since dichroic behavior is obtained with a spherically symmetric target. The
aim of this subchapter is to provide a simple and intuitive explanation of the origin
of the elliptical dichroism to widen our understanding of dichroism phenomena. In
order to explain where the elliptical dichroism arises from, we take the example of two-
photon ionization of s electrons for simplicity, although the effect is generally present
in multi-photon ionization of any atomic (or molecular) shell. Elliptical dichroism
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arises already within nonrelativistic electric-dipole approximation [66, 124], and does
not require treatment of the electron spin. Let us, therefore, carry out the explanation
within these approximations.
Consider an s electron in a bound (atomic) state, as well as elliptically polarized
photons. After the interaction of the s electron with both photons, the electron either
undergoes an s→ p→ s, or s→ p→ d transition, and will be released eventually with
kinetic energy ε into some direction θ and φ (see Fig. 2). The photoelectron is assumed
to be in a pure state, and its wave function can be simply written as a sum of just two
partial waves
ψε(r) = a0ψε00(r) +
∑
md
bmdψε2md(r), (4.7)
where md = 0,±2 only, since the quantization axis is chosen along the photon propaga-
tion direction. Obviously, the s and d partial-wave amplitudes a0 and bmd , respectively,
contain all information about the dynamics of the ionization process,
a0, bmd ∝ ρλ1λ
′
1
γ ρ
λ2λ′2
γ , (4.8)
and their exact expressions can be obtained from the photon density matrix similar
similar as in Ref. [142]. The propagation direction of the photoelectron itself is com-
pletely characterized by its probability density
|ψε|2 = |a0ψε00|2 + |
∑
md
bmdψε2md(r)|2
+
∑
md
a∗0bmdψ
∗
ε00(r)ψε2md(r) (4.9)
+
∑
md
a0b
∗
md
ψε00(r)ψ
∗
ε2md
(r).
We shall analyze this expression in order to explore the left-right asymmetry in
the photoelectron angular distribution in further detail. Mathematically speaking,
this means that we are looking for an antisymmetric contribution in Eq. (4.9), which
changes its sign under the coordinate transformation y → −y, or equivalently φ→ −φ.
Since the angular dependence of the wavefunction is described by the spherical harmon-
ics, we easily see that only the imaginary part of spherical harmonics, Im[Y2±2(θ, φ)]
changes its sign with the φ → −φ coordinate transformation. Since this term is com-
plex, we can conclude that the antisymmetric contribution must be contained only in
the interference terms.
In the dipole approximation, the well-known selection rules provide a simple rela-
tionship between the helicities λ1 and λ2 (as well as λ
′
1 and λ
′
2) of the two photons for
obtaining a particular projection of the angular momentum m of each partial wave. For
example, in order to obtain m = ±2, both photons must have the same helicity λ1 = λ2,
while we must have λ1 = −λ2 for m = 0. We therefore expect, the φ-dependent
part of the interference to be proportional to ∝ ∑λ1λ′1 Y0λ1−λ1Y ∗2λ′1+λ′1ρλ1λ′1γ ρλ1−λ′1γ ∝
iPlPc sin(2φ). This is exactly the antisymmetric term responsible for the dichroism
which changes sign under the φ → −φ transformation, or equivalently, changes sign
upon a change of photon handedness. Moreover, we can see, that for pure linear, or
circular polarization (Pc = 0, or Pl = 0) this term vanishes. One can carry out a
similar analysis to show, that there is no elliptical dichroism in photoelectron angular
distribution of one-photon ionization of a spherically symmetric target, and hence show
that elliptical dichroism is a purely nonlinear phenomenon.
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Figure 17: (Color online) The origin of elliptical dichroism in the photoelectron angular
distribution of two-photon ionization of an s-electron. We can separate the distribution
into a symmetric ”core” contribution (top) and an antisymmetric ”dichroic” contribution
(middle row). The dichroic part is given by a sin(2φ), and has therefore positive (green) and
negative (red) intervals. The sum of the ”core” and ”dichroic” contributions gives us the
final photoelectron distribution (bottom row).
The geometrical analysis given above predicts the presence of the dichroism. How-
ever, the photoelectron angle-differential cross section can be of course derived rigor-
ously. The explicit expression for the photoelectron angular distributions is given by
Eq. (4.3). We can decompose the differential cross section into a symmetric and an
antisymmetric contributions. Figure 17 visualizes these two contributions to the angle-
differential cross section. The ”core” symmetric part (orange) contains the squared
terms of Eq. (4.9) as well as the symmetric part of the interference term. The last
term of Eq. (4.3) represents the ”dichroic” asymmetric part (red-green), and is the
only term depending on the photon handedness. The signs of the circular Stokes pa-
rameter Pc, and the phase difference δs − δd determine the intervals for which the
”dichroic” term contributes constructively (green), or destructively (red). The sum
of the ”core” and the ”dichroic” contributions gives the final photoelectron angular
distribution (blue). The relative contributions of the ”core” and ”dichroic” parts, and
hence the magnitude of the left-right asymmetry, are consequently determined by the
ratio of the partial waves Ud/Us. The asymmetry in photoelectron angular distribution
is quantified by the dichroism parameter ∆ed given in Eq. (4.5).
4.3.3 Maximum of elliptical dichroism
Since we now know, why elliptical dichroism occurs in two-photon ionization of (unpo-
larized) atoms, we can explore some of its properties. For example, looking at figure
15, it is clear that elliptical dichroism can be either strongly pronounced, or only weak.
This ”strength” of elliptical dichroism of course depends on the parameters, which de-
termine the photoelectron angular distributions. In nonrelativistic approximation and
for two-photon ionization of s electrons, there are two parameters, the amplitude ratio
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u ≡ Ud/Us and photoelectron partial-wave phase difference δ′ ≡ δs − δd. Naturally,
we can now ask ourselves, what values should these two parameters take, such that
the elliptical dichroism is maximized? This is a question which we will answer in this
subsection. As maximum of elliptical dichroism, we use simply the equation (4.6). This
means we will be searching for the maximum of the dichroism parameter in a single
direction given by the angles θ and φ.
To find the maximum dichroism, we concentrate on distributions in the polarization
plane (perpendicular to the photon propagation direction, i.e., θ = pi/2). Moreover,
since the FEL pulses possess a high degree of polarization, we can consider a fully
polarized beam which is half linearly and half circularly polarized, P 2l = 1/2 and
P 2c = 1/2. We can use the Eq. (4.6) to obtain the expression for elliptical dichroism
parameter. By analyzing the second derivatives of ∆ED, we find that the dichroism
parameter reaches its extrema (+1 or −1) at particular azimuthal angles φmax, and
corresponding values of the amplitude ratio umax = 2[(3 cos(2φmax) +
√
2)2 + 8]−1/2.
The angle φmax can be obtained from a fit to numerical solutions and is given by
φmax(δ
′) = 0.95δ′ − 0.33δ′2 + 0.06δ′3 for 0 < δ′ < pi, and φmax(2pi − δ′) for pi < δ′ < 2pi.
Note that at this angle either dσ+/dΩ = 0 or dσ−/dΩ = 0. The elliptical dichroism at
this angle can, therefore, be used for sensitive extraction of the phase information and
amplitude ratios. The important conclusion is that for any nonzero phase difference,
there exists an amplitude ratio for which the elliptical dichroism reaches its maximum.
Of course, we cannot dictate nature what the amplitude ratio should be. We can,
nevertheless, search for photon energies ω, for which the transition amplitudes fulfill
the above condition (assuming that δ′ varies much slower than u). To achieve the
optimal ratio, we can use our arguments from definition of nonlinear Cooper minimum
(see Sec. 2.2.2) and state that the maximum elliptical dichroism can be obtained by
tuning the photon energy such that the virtual intermediate state lies between two
resonances. Then, by fine-tuning the photon energy, we will find two umax values in
the near vicinity of the nonlinear Cooper minimum. For future reference, we call the
photon energies which yield umax the ”tune-in” photon energies ωmax.
Before we demonstrate our findings with an example, we would like to draw a brief
conclusion. Maximum elliptical dichroism in the photoelectron angular distribution can
be obtained by tuning in the photon energy ωmax so that after absorption of one photon,
an s electron of an atom is promoted to an intermediate virtual state between np and
(n + 1)p resonances, with the exception of high n states, for which the corresponding
width is comparable to the energy separation of the resonances.
We will demonstrate the detection of maximum elliptical dichroism on an experi-
mentally plausible example of two-photon ionization of ground state helium, which has
already been used as a target for various atomic studies in the past decade [45, 145, 146],
and where two-photon ionization is the dominant process. To obtain maximum dichro-
ism, |∆ed| = 1, in two-photon ionization of He, we need to tune in a photon energy
which promotes one of the 1s electrons into continuum, through a virtual intermediate
state sandwiched between two resonances; 1s2 → 1s2p and 1s2 → 1s3p. The resonances
are clearly visible in the plot of total ionization cross section in Fig. 18 (yellow). The
red plot represents the normalized ratio of the partial waves (|Us|−|Ud|)/(|Us|+ |Ud|) ∈
[−1, 1]. According to the propensity rules [74], upon absorption of a photon, transitions
corresponding to l → l + 1 should be favored, and the normalized partial-wave ratio
should be negative. Figure 18 shows, that this is generally true, however around the
resonances, the ratio strongly deviates from these rules. The amplitude ratio becomes
positive at a point, where the dominant contributions from Eq. (2.24) cancel each
other out, and it reaches unity when the Ud channel is equal to zero. Between these
two significant points, the amplitude ratio passes the optimal ratio (horizontal gray
line), where maximum elliptical dichroism, |∆ed| = 1 can be observed. After the phase
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Figure 18: (Color online) Total cross section (yellow), partial-wave ratio (red), and elliptical
dichroism parameter (blue) as functions of single photon energy. The horizontal gray dot-
dashed line signifies the optimal ratio for obtaining |∆ed| = 1. This line intersects the partial-
wave ratio at two tune-in energies (marked by two gray dotted vertical lines). Photoelectron
angular distributions corresponding to these two intersections are shown on the right side
of the figure. The angular distributions are presented in the plane perpendicular to photon
propagation direction (the polar angle θ = pi/2), see Fig. 11.
jump induced by transition of Ud through zero, the amplitude ratio decreases, and
crosses the optimal ratio line for a second time. The fulfillment of the optimal ratio are
also clearly visible in the blue plot of the ∆ed (elliptical dichroism at φmax, which maxi-
mizes the effect) as a function of photon energy, with the two peaks between the 2p−3p
resonances (and another two between the 3p − 4p resonances), each representing the
maximum possible dichroism. The corresponding photoelectron angular distributions
for these maxima are provided on the right-hand side of Fig. 18 in the polarization
plane (θ = pi/2) as functions of φ, for both left-(green) and right-(black) elliptically
polarized light. In a real experiment, these distributions could be influenced by the
bandwidth of the incoming laser beam. However, in the case of helium, the width would
be lower than < 0.1 eV. Our calculations show, that such an energy deviation would
not be significantly reflected in the measured photoelectron distributions. These cal-
culations supported a proposal sent to the free-electron laser facility FERMI in Triest,
Italy. Unfortunately, the submitted proposal (proposal ID: 20184040) was not granted
a beamtime, however, the proposal was resubmitted (proposal ID: 20194083) and is
under scientific evaluation (at the time of writing).
4.4 Comparison with experiment
In contrast to the total cross section, the photoelectron angular distributions provide
more sensitive tool to study light-matter interaction. Beside carrying the information
about photoelectron phase, the dependence on incident photon polarization and the
contributions of higher multipole orders of the electron-photon interaction are higher
than for the angle-integrated cross sections. Furthermore, while one needs detailed
knowledge of the incident beam properties to accurately extract total cross sections
from measured electron, ion or fluorescence photon yields, the photoelectron angular
distributions depend less on some beam parameters such as intensity. Carefully carried
out experiments can, therefore, lead to precise understanding of ionization processes.
Unfortunately, in practice, it is more challenging to detect the angular distributions
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Figure 19: Two-photon ionization of 5s electron of neutral rubidium at photon energy ω =
2.33 eV. The experimentally measured values (dashed blue) are in excellent agreement with
the calculated distributions (solid black). Two-photon ionization by elliptically, P 2l = 1/2
and P 2c = 1/2, (left) and linearly, P
2
l = 1 and P
2
c = 0, (right) polarized light are shown. The
plots are shown in the plane perpendicular to photon propagation direction (the polar angle
θ = pi/2), see Fig. 11.
of photoelectrons than to simply register particle counts. Nevertheless, there are tech-
niques to carry out angle-resolved experiments.
The angular distributions of photoelectrons can be experimentally detected using
various instruments. For example, it is possible to use a set of microchannel plates fol-
lowed by a phosphor screen [56, 115, 141]. The distributions are imprinted on the phos-
phor screen and recorded by a CCD camera. Another approach is to obtain the spatial
resolution by arranging several independently operating time-of-flight spectrometers in
a circle and place them in a desired plane around the interaction area [45, 46, 147].
A widely used detection method is using the velocity map imaging scheme, where
the expanding photoelectron distributions are projected by an electrostatic lens to a
two-dimensional position sensitive detector in a velocity map imaging, e.g. [148].
In this thesis, we dominantly concentrate on two-photon ionization of K or L shell
electrons. However, available experimental data corresponding to two-photon deep-
shell ionization are extremely scarce. In order to present comparison of our calculated
data with more than one experimentally measured data, we will make an exception
and present cross sections for two-photon ionization of valence shells. Wang et al.
published their experimentally measured photoelectron angular distributions for non-
resonant two-photon ionization of rubidium atoms [115]. In their experiment, they
ionized the 5s electron of rubidium (6s = 4.17) atoms at various wavelengths as well
as linear and elliptical photon polarization, and detected the slow photoelectrons. Sim-
ilar experiment has been already performed before [114]. In figure 19, we present the
comparison of our calculations with the measure values from [115] for both, ionization
by elliptically and linearly polarized light. As it is apparent from the figure, excellent
agreement between measured and calculated values was achieved.
In 2013, Ma et al. [56] published their results on two-photon ionization of helium
which they carried out using the SACLA free-electron at the SPring-8 facility in Japan.
The photoelectron angular distributions were recorded by a velocity map imaging spec-
trometer at four photon energies (20.3, 21.3, 23.0 and 24.3 eV). The lowest energy was
chosen in a way it is well below the excitation energy of the ground state helium to
the 1s2p 1P state, where the two-photon ionization is nonresonant. The two inter-
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Figure 20: Two-photon ionization of neutral helium. Perfect agreement is reached between
the experimentally measured (dashed blue) [56] and our calculated (solid black) distribu-
tions. The photon energy of 20.3 eV corresponds nonresonant two-photon ionization, the
two-energies 21.3 and 23.0 eV promote one of the electrons between two resonances and pop-
ulate the 1s2p 1P or 1s3p 1P states, the last photon energy 24.3 eV populates the Rydberg
manifold. All plots were obtained for φ = 0, i.e. in the εˆkˆ-plane (see figure 11).
mediate photon energies can excite the helium ground state into 1s2p 1P or 1s3p 1P
states due to the beam bandwidth. The last energy corresponds to excitation of one of
the helium electrons to the Rydberg manifold 1snp 1P . From the measurements, the
asymmetry parameters and amplitude ratios were extracted which can be conveniently
utilized for a comparison with theoretical values. Figure 20 presents the experimen-
tally measured distributions (dashed blue) which are in a perfect agreement with our
calculations (solid black). Since the two-photon ionization of 1s electrons has only two
nonrelativistic channels (see Fig. 3), it is not difficult to deduce individual contribu-
tions of the channels to the presented photoelectron angular distribution. Generally,
the s → p → d wave dominates the process [74], which results in the typical dipole
distribution with a ring around the origin. However, the second lowest energy lies be-
tween two resonances, at a point near the nonlinear Cooper minimum (Sec. 2.2.2), and
hence the relative contribution of the s→ p→ s channel increases and the distribution
becomes more spherical. According to our calculations, if the measurement would be
performed at ω = 21.65 eV, the contribution from the d channel would vanish and the
photoelectron angular distributions would be spherically symmetric.
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5 Polarization Transfer from Ionizing Light to a Target Atom
In previous sections, we studied the two-photon ionization process and its correspond-
ing cross sections. In particular, we paid attention to creating an inner-shell vacancy in
s or p electronic shell and investigated the number and angular distribution of emitted
electrons. Now, we would like to consider the same process, but instead of electrons
we draw attention to the properties of the created singly charged photoion which is
in an excited state. It is no surprise that the inner-shell vacancy will be filled by
an electron from higher shell. The energy released during this process can be either
transferred via electron-electron interaction to ionize another electron, so called Auger
decay, or the energy can be emitted in a form of a photon, which is called fluorescence.
In this chapter, we will first study the magnetic properties of the photoion produced
by two-photon ionization before the subsequent relaxation. In the next chapter, we
concentrate on the polarization properties of the fluorescence photon emitted during
the subsequent radiative decay.
While the extraction of the total cross section from experimental results requires
detailed knowledge of beam parameters, the polarization degree of photoions and flu-
orescence are independent of these parameters as they are given by a normalized dif-
ference of the measured ion or photon intensities. This ratio is insensitive to photon
flux which will allow to measure the polarization with much higher accuracy the than
total cross section, and hence, this method could serve as an alternative approach in
fundamental research as well as nonlinear spectroscopy [27].
5.1 Ion density matrix and ion polarization
To describe the state of an ion following two-photon inner-shell ionization, we need to
obtain the corresponding reduced density matrix. This density matrix can be obtained
if we trace out the direction propagation and polarization of the photoelectron from
the density matrix (2.31).〈
αfJfMf |ρˆion|αfJfM ′f
〉
=
∑
me
∫
dΩpˆe
〈
αfJfMf ,peme |ρˆf |αfJfM ′f ,peme
〉
(5.1)
Performing the summation over photoelectron spin projections as well as integrating
over the photoelectron emission direction, we obtain
ρ
MfM
′
f
laja
(Jf ) =
〈
αfJfMf |ρˆion|αfJfM ′f
〉
(5.2)
=
1
[Ji]
∑
ma
〈ja −ma, JiMi | JfMf〉
〈
ja −ma, JiMi | JfM ′f
〉
×
∑
λ1λ2
λ′1λ
′
2
〈kλ1 |ρˆγ|kλ′1〉 〈kλ2 |ρˆγ|kλ′2〉
∑
κmj
T λ1λ2κmj (κa)T
λ′1λ
′
2∗
κmj
(κa),
where T λ1λ2κmj (κa) are the simplified transition amplitudes introduced in Sec. 3. This
density matrix fully describes the properties of the produced photoion and can be used
to calculate the ion polarization or any subsequent processes.
An equivalent description of a system with angular momenta can be given in terms
of statistical tensors. The definition of a statistical tensor analogous to the reduced
density matrix (5.1) is
ρ¯kq (Jf ) =
∑
MfM
′
f
(−1)Jf−M ′f 〈JfMfJf −M ′f |kq〉 〈αfJfMf |ρˆion|αfJfM ′f〉 . (5.3)
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The transformation can be also reversed, which follows from the unitary properties
of the Clebsch-Gordan coefficients (see Appendix A). One of the advantages of the
statistical tensors, is that they can be transformed similar to the spherical harmonics
of rank k under a rotation of the coordinates [98, 149, 150]. In our case, statistical
tensors make it easier to define the terminology to describe the magnetic state of an
ion. For example, if a system is described by the only one nonzero statistical tensor
ρ00(J), we say the system is in an unpolarized state. If at least one nontrivial (k > 0)
statistical tensor of the system is nonzero, the system is called polarized. A polarized
system characterized by statistical tensors of even rank is called aligned. Finally, if
at least one odd rank statistical tensor is nonzero, the system is called oriented. This
terminology is consistently used throughout the thesis.
The density matrices as well as the statistical tensors depend on their normalization.
In order to avoid this dependency, we define the reduced statistical tensor Akq
Akq(Jf ) =
ρ¯kq (Jf )
ρ¯00 (Jf )
. (5.4)
The reduced statistical tensor can be conveniently used to quantify the ion properties.
In particular, the reduced statistical tensor Ak0(Jf ) reflects the magnetic population
of the produced ion. It can be expressed from the above definition as the statistically
weighted sum of the diagonal elements of the ion density matrix
Ak0(Jf ) =
1
σ(ω)
∑
Mf
(−1)Jf−Mf 〈JfMf , Jf −Mf | k0〉 〈αfJfMf |ρˆf |αfJfMf〉 .
(5.5)
In the upcoming subsection, we will consider photoions with vacancies in electron shells
with s and p symmetries. Moreover, we will consider that these ions were produced
by two-photon ionization of closed shell atoms only. Our consideration will lead to the
reduced statistical tensors with first and second order ranks. The reduced statistical
tensors with a nonzero odd rank A10(Jf ), we will refer to as orientation parameter
(or orientation) and those with even rank A20(Jf ) alignment parameter (or simply
alignment), in accordance to the above definition.
5.2 Polarization of singly charged ions
5.2.1 With an s vacancy
After acquired understanding of the total cross sections or photoelectron angular dis-
tributions of two-photon ionization of atomic s electrons in previous chapters, we inves-
tigate the physical properties of the produced photoion. To be specific, we study the
magnetic population or polarization state of the photoion. We have already introduced
the necessary general machinery. We first obtain the corresponding ion density matrix
from the Eq. (5.2), choose ja = 1/2 and la = 0 for the initial atomic state and apply
the electric dipole approximation. We remind the reader that we consider ionization
of a closed shell atom (Ji = 0) to begin with by fully polarized (P
2
l + P
2
c = 1) light.
Bearing these assumptions in mind, the photoion density matrix is written as
ρ
MfMf
s1/2 (1/2) =
1
400pi2
[
25(1− P 2c )|Us1/2|2 + (2− 6MfPc + P 2c )|Ud3/2|2
+ 54(2 + 4MfPc + P
2
c )|Ud5/2|2
]
(5.6)
ρ
MfM
′
f
s1/2 (1/2) = 0 for all Mf 6= M ′f .
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Figure 21: Possible electric dipole ionization channels in nonsequential two-photon ionization
of an s1/2 state by two right-circularly polarized photons. While both spin projections of the
initial state can be promoted to a final d5/2 partial wave, selection rules dictate that only
spin-down electron can be ionized into a partial wave with d3/2 symmetry. Note that due to
the light polarization not all ionization channels are allowed, see Fig. 3.
Using this density matrix as well as the definition of the reduced statistical tensor
(5.5) we can obtain the ion orientation parameter for the ion produced by two-photon
ionization of an s electron
A10(1/2) =
3Pc(36|Ud5/2|2 − |Ud3/2|2)
25(1− P 2c )|Us1/2|2 + (2 + P 2c )(|Ud3/2|2 + 54|Ud5/2|2)
, (5.7)
where the transition amplitudes Ulj leading to a final photoelectron partial wave lj
were defined in chapter 2. The above expression already reveals some of the funda-
mental properties of the produced photoion. For example, the nominator of Eq. (5.7)
is linearly dependent on the degree of circular polarization. This means that unpolar-
ized or linearly polarized incident light cannot produce a polarized atom by means of
two-photon ionization of one of its s electrons. On the other hand, from the denom-
inator, we can clearly conclude that for incident pure circular polarized photons, the
photoionization channel with a final s symmetry does not contribute to the process.
This fact can be understood from the conservation of angular momentum, which has
been already discussed in chapter 3.
In accordance with previous section, we should now reduce the above expressions to
the nonrelativistic limit. However, it is worth noting that in nonrelativistic limit, the
density matrix of the produced ion is described by a single term. For the considered
system, we therefore cannot construct a nonrelativistic reduced statistical tensor with
a nonzero rank. For this reason, we will restrain ourselves from the nonrelativistic
description and proceed to an example which will demonstrate the limits of electric
dipole approximation in calculations of the ion orientation.
To achieve photoion orientation by two-photon ionization of s electrons of closed
shell atoms, it only makes sense to consider ionization by circularly polarized photons.
In order to fully appreciate the upcoming example and to understanding the values
as well as behavior of ion orientation, it is worth to spend a moment to think about
the electron dynamics and possible ionization channels. Within the electric dipole
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Figure 22: Direct two-photon ionization of germanium atom by two right-circularly polarized
photons within electric dipole approximation (dot-dashed green), and with inclusion of higher
multipole orders (full, black). Top: The total photoionization cross section as function of
incident photon energy. The nonlinear Cooper minimum is expressed into the cross section
in a form of a local minimum at around ω = 10.35 keV. Bottom: Orientation A10(1/2) of
the produced photoion. Although a good agreement between electric dipole and multipole
calculation is achieved in the calculations of the total cross section, clear breakdown of the
dipole approximation can be seen in the ion orientation at nonlinear Cooper minimum.
approximation, there are only few allowed ionization channels which the active electron
can undertake (see Fig. 21). While both spin-up and spin-down electrons can be ionized
from the K shell via the intermediate state with p3/2 symmetry into a final d5/2 partial
wave, only spin-down electron can be ionized via the p1/2 or p3/2 intermediate states
to the d3/2 partial wave. Therefore, under circumstances where the channel with final
d3/2 symmetry strongly dominates the process, only the spin-down electron will be
ionized and the produced ion will be strongly oriented. This generally happens if the
incident beam energy matches either an intermediate p1/2 level resonance, or if it is
tuned to nonlinear Cooper minimum. Nonlinear Cooper minimum describes a photon
energy where one of the ionization channels vanishes due to balance of positive (E1s +
ω > Ennjn) and negative (E1s + ω < Ennjn) denominators of the virtual intermediate
states of Eqn. (2.22), see section 2.2.2 for comprehensive explanation. Due to the
cancellation, the channel involving the final d5/2 partial wave vanishes and only the
spin-down electron will be ionized. Therefore, based on the prediction of the electric
dipole approximation, the ion orientation parameter at nonlinear Cooper minimum
(as well as at intermediate p1/2 resonances) should be equal to unity. However, in
the examples below, we show that numerical calculation carried out beyond the dipole
approximation reveals breakdown of this prediction in the case of two-photon ionization
of K shell electrons of neutral germanium atom.
Let us present an example to demonstrate the properties of ion polarization and to
demonstrate the limits of the orientation parameter (5.7) which was obtained within
electric dipole approximation. In this example, we consider ionization of the K shell
electron of neutral germanium (E1s = 11.1 keV) by two right-circularly polarized pho-
tons and investigate the magnetic state of the produced photoion. The germanium
atom has been chosen since, it has been already used as a target for two-photon
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ionization with linearly polarized beam [24] at the SACLA free-electron laser. The
experimentally determined total ionization cross section for ω = 5.6 keV is σexp ≈
0.64 × 10−59cm4s. The uncertainty associated with the experimental value is not
mentioned, however, we can assume that it is not better than 50% (typical for cross
section data). It is, therefore, in a reasonable agreement with our theoretical result
σtheo ≈ 2 × 10−59cm4s [64], suggesting that our calculation methods are suitable for
this scenario. We consider single photon energies in the range of 9.5 − 11 keV, which
covers photon energies matching the 1s → 2p and 1s → 3p intermediate resonances,
as well as a nonlinear Cooper minimum between the resonances. The corresponding
results are presented in Fig. 22. To guide the eye, the upper plot shows the total
cross section as a function of the incident photon energy, calculated within (dashed,
green) and beyond (full, black) electric dipole approximation. The lower plot shows
the orientation of the produced photoion. The same color notation as in the upper plot
was used. The level resonances in the upper plot can be understood by the sequential
ionization process during which the electron from a given shell is ionized by one pho-
ton, and simultaneously, the 1s electron is excited into the hole by the second photon.
The logarithmic scale used in the figure also reveals the nonlinear Cooper minimum in
the total cross section in a form of a local minimum, which lies around ω = 10.35 keV
(see Sec. 2.2.2 for the explanation of nonlinear Cooper minimum). From Fig. 22 it
becomes apparent that position of the nonlinear Cooper minimum could be determined
from measurements of the total cross section. The total cross section, however, cannot
reveal the breakdown of the electric dipole approximation. From the plot of the total
cross section, we can see that apart from dipole forbidden transitions at the 1s → 2s
and 1s→ 3s resonances, the calculations within the electric dipole approximation are
in an excellent agreement with the multipole calculations. Hence, it would be very
challenging to access information about the multipole transitions from measurements
of the total cross section, instead, other observables need to be inspected.
The ion orientation depicted in the lower plot of Fig. 22, reveals hitherto elusive
information. While the ion orientation for photon energies matching an intermediate
p1/2,3/2 level (sequential ionization) resonances agrees between electric dipole and mul-
tipole calculations, a breakdown of the dipole approximation is clearly visible at the
nonlinear Cooper minimum. The high degree of ion orientation at this point drops
strongly due to the contributions of the generally weak multipole ionization channels.
This breakdown of the electric dipole approximation can be better seen in figure 23,
which shows the ion orientation only in the vicinity of the nonlinear Cooper minimum.
The left subfigure shows the ion orientation within the electric dipole approximation
as well as with inclusion of higher multipoles. The exact position of the Cooper min-
imum of each channel is marked with a dashed vertical lines. The right side of the
figure shows the two electric dipole and one (of many) multipole multipole ionization
channels, and demonstrates that the multipole contributions dominate the ionization
process in the vicinity of nonlinear Cooper minimum. It is due to the contributions of
electric quadrupole transitions that both 1s electrons can be ionized. Since there is no
longer an asymmetry between ionization a spin-up or spin-down electron, the produced
ion is no longer strongly aligned.
5.2.2 With a p vacancy
In contrast to the total as well as angle-differential cross sections, the magnetic prop-
erties of a photoion after two-photon ionization strongly depends on the angular mo-
mentum properties of the created vacancy. While it is generally difficult to polarize
an atom by ionization of the s electron, it becomes significantly simpler in the case
of creating a vacancy in shell with a p symmetry. To see this explicitly, we need to
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Figure 23: Left: Ion orientation following the direct two-photon ionization of germanium
atom by two right-circularly polarized photons within electric dipole approximation (dot-
dashed green), and with inclusion of higher multipole orders (full, black), see also Fig. 22.
The incident photon energy range is restricted to the vicinity of nonlinear Cooper minimum.
Right: Both electric dipole transition amplitudes as well as one of the multipole amplitudes
(in atomic units) as functions of incident photon energy. The peaks in the ion orientation
parameter of the electric dipole calculation on the left part of the figure can be matched with
the zero values of electric dipole amplitudes.
obtain the density matrices describing the photoion after one of its p electrons has
been removed by absorption of two photons. Since the full relativistic treatment would
become rather lengthy, we restrict the current analytical analysis to the nonrelativistic
limit. The nonrelativistic density matrix corresponding to an ion with a p vacancy
produced by two photons of arbitrary photon polarization is
ρ±1±1p (1) =
9
2800pi2
[
175(1∓ Pc)|U (s)p |2 + 70
(
1 + 3P 2l ∓ Pc
)
U (s)p U
(d)
p
+ 7
(
19 + 6P 2l ∓ Pc − 18P 2c
) |U (d)p |2 + 18 (9 + P 2l ± 14Pc + 7P 2c ) |U (d)f |2]
ρ00p (1) =
81
2800pi2
[
7
(
1 + P 2l − P 2c
) |U (d)p |2 + (13 + 3P 2l + 7P 2c ) |U (d)f |2]
ρ±1∓1p (1) =
−63Pl
2800pi2
(5U (s)p + U
(d)
p )(5U
(s)
p + 7U
(d)
p ). (5.8)
Out of the density matrix, we can construct the reduced statistical tensors which reflect
the polarization state of the photoion. Since we started with a closed shell atom, the
total angular momentum of the photoion must be equal to unity. From its density
matrix, we can therefore obtain the statistical tensors of the zeroth, first and second
rank. This means, that the two-photon ionization produces oriented as well as aligned
ion. The orientation is obtained from the above density matrix and reads
A10(1) =
9
√
2Pc
(
36|U (d)f |2 − (5U (s)p + U (d)p )2
)
400pi2ρ¯00
, (5.9)
where ρ¯00 is the zeroth order statistical tensor given by
ρ¯00 =
3
√
3
400pi2
[
50|U (s)p |2 + (47 + 21P 2l − 45P 2c )|U (d)p |2 + 20U (s)p U (d)p (1 + 3P 2l )
+ 9(7 + P 2l + 5P
2
c )|U (d)f |2
]
. (5.10)
As in the case of orientation of a photoion with an s vacancy studied in previous sub-
section, the nonzero orientation here also requires the incident photons to be circularly
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Figure 24: The total cross section of (top) and photoion alignment A20(1) (bottom) following
two-photon ionization of the 2p electrons of neutral neon atoms. Ionization by two incident
linearly (dot-dashed blue) or right-circularly (solid green) polarized photons was considered.
The nonlinear Cooper minimum is marked with a vertical gray line.
polarized. What is different in polarization of photoions with a p vacancy though, is
the ion alignment given by
A20(1) =
3
√
6
2800pi2ρ¯00
[
175|U (s)p |2 + 7(10− 3P 2l − 9P 2c )|U (d)p |2 + 70U (s)p U (d)p (1 + 3P 2l )
+ 9(5− P 2l + 7P 2c )|U (d)f |2
]
. (5.11)
In this case, it is no longer true that the atom can be polarized only by circularly
polarized light. Quite contrary, the first term in the nominator corresponding to the
U
(s)
p ionization channel is independent of the photoion polarization, and hence, remains
also for two-photon ionization by completely unpolarized light. This concept has been
previously described also for one-photon ionization [151, 152].
It is time to numerically investigate polarization of ions produced by two-photon
ionization of p electrons. The lower part of figure 24 presents the alignment parameter
A20(1) of a singly charged neon atom, which was produced by two-photon ionization
of one of its outer shell electrons. The calculations have been performed considering
the incident photon polarization to be linearly (dot-dashed blue) or circularly (solid
blue) polarized. From the figure, it is clear that ion alignment depends on the inci-
dent photon polarization, however, apart from slightly different values in nonresonant
regions, the overall behavior is very similar. What is more interesting, is the dynamic
behavior of the alignment parameter as a function of incident photon energy. One
could notice a trend of constant value of the alignment, which would take values of
around A20(1) ≈ 0.1, disturbed by plethora of resonances. The reason why this figure
is rich on information is that there are three fundamentally different reasons for these
increased values of the alignment.
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Firstly, the higher degree of alignment at low photon energies originates from the
changing values of transition amplitudes due to threshold effects. Similarly as in Sec.
3.2.3, the generally less dominant ionization channel (in this case p → s → p) has
increased values due to the threshold effects while the otherwise stronger channels take
lower values.
The second cause for an increased ion alignment following two-photon ionization
of 2p electrons of neutral neon are the intermediate resonances. To guide the eye, we
present the total cross section for the same process and same incident photon energy
range (upper part of Fig. 24). By comparing these figures, it is clear that if the
incident photon energy matches an intermediate resonance, the alignment increases.
The reason for this is the same as in previous section and can be readily understood
from Eq. (5.11). Whenever the incident photon energy matches a 2p→ ns resonance,
this ionization channel strongly dominates over all others. Therefore, by looking at
the alignment expression (5.11) and setting U
(s)
p ≈ 1, U (d)p ≈ 0 and U (d)f ≈ 0, one
immediately obtains A20(1) = 1/
√
2 ≈ 0.7, the maximum value seen in the plot.
The last phenomenon which cases an increased ion alignment is when the incident
photon energy matches a nonlinear Cooper minimum. At this point, the dominant
ionization channels drop to zero, while the p → s → p channel remains nonzero. In
this case we reach the same degree of alignment as if we tune the photon energy into
resonance. The exact energy position of the nonlinear Cooper minimum is very near the
2p→ 3d resonance. To make the offset from the resonance more visible, the nonlinear
Cooper minimum was marked with a gray vertical line.
5.3 Experimental consideration
The Stern-Gerlach experiment is one of the most famous experiments in atomic physics.
In the experiment, it was demonstrated that particles posses intrinsic angular momen-
tum, called spin, that is closely analogous to the angular momentum of a classically
spinning object. Moreover, it was also shown that the spin angular momentum is
quantized and only one component of the spin can be measured at a time. In the
original experiment, silver atoms were sent through a spatially varying magnetic field,
which deflected them before they were recorded by a detector. The two possible spin
projections of the 5s electron of silver atoms created two discrete points of accumu-
lation on the detector screen, rather than a continuous distribution, which proves the
quantization of spin.
We can now return to two-photon ionization of an atomic s electron, and consider
that the produced photoion is passed through a spatially varying magnetic field. Such
Stern-Gerlach analyser [153] can determine the polarization of the photoions. If we con-
sider the detector scheme as in the original experiment, polarization of a photon with
an s vacancy would mean, that the intensity of one of the two accumulated points on
the detector screen would dominate over the other. We will keep this detection scheme
in mind and use it to suggest an experiment which could resolve the long standing
disagreement between theory in experiment in a two-photon ionization experiment.
Let us now consider the Stern-Gerlach detection technique in order to study a sim-
ilar scenario as in the experiments by Doumy et al. [38], who reported the total cross
section of two-photon ionization of Ne8+. The experimentally determined cross section
was orders of magnitude greater than theoretically predicted values [64, 118, 119]. We
here suggest, that carrying out a similar experiment (but with a measurement of the
ion orientation) could allow to test the theoretical agreement with the experiment at
higher accuracy, and thus, elucidate the reason of the discrepancy. Figure 25 shows
the total cross section as well as the ion orientation of ionization of Ne8+ by two right-
circularly polarized photons. As seen from this figure, a nonlinear Cooper minimum
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Figure 25: Ion orientation after nonsequential two-photon ionization of Ne8+ by two right-
circularly polarized photons. Left: the total cross section as well as the orientation parameter
A10(1/2) as a function of incident beam energy. The experimentally determined cross section
[38] is marked with a red cross. Right: Sensitivity of the ion orientation to the purity of
polarization of the incident photons is shown in detail.
appears for incident photon energy about 20 eV lower than the one used in Ref. [38].
It can also be seen, that the experimentally measured value lies near an intermediate
resonance. The width of the ionizing light could overlap with this resonance, which
could lead to an increased cross section as reported in the experiment [118, 119]. Mea-
suring the ion polarization at the nonlinear Cooper minimum would avoid this issue,
and moreover, comparing the measurements performed using left- and right- photon
polarization direction could lead to elimination of further uncertainties and hence, lead
to a more precise comparison.
In previous section, it was shown that it is necessary to include higher multipole or-
der of light-matter interaction in order to calculate ion orientation at Cooper minimum.
Instead of reviewing the breakdown of the electric dipole approximation, in this exam-
ple, we demonstrate the sensitivity of the ion orientation to the polarization purity of
the incident beam. To get a better feeling about the properties of this observable, let
us provide the expression for orientation parameter after two-photon ionization of a 1s
of a closed-shell atom in the electric dipole (J1 = J2 = 1 and p1 = p2 = 1) approxima-
tion similar to Eq.(5.7). To describe our considered study case, we choose the incident
beam to be circularly polarized, however, not necessary purely. The lack of purity of
the degree of circular polarization of the incident light can be described analytically by
introducing δPc = 1− (Pc)2. Hence, for two-photon ionization of the helium-like neon
with circularly polarized light, the orientation of the photoion becomes
A10(1/2) =
6Pc
[
36(Ud5/2)
2 − (Ud3/2)2
]
6
[
(Ud3/2)
2 + 54(Ud5/2)
2
]
+ 5δPcδU2
, (5.12)
where the transition amplitudes Ulj correspond to definitions in chapter 3 and δU
2 =[
10(U
(1/2)
s1/2 )
2 + 10U
(1/2)
s1/2 U
(3/2)
s1/2 + (5U
(3/2)
s1/2 )
2 − 10(U (1/2)d3/2 )2 − 10U
(1/2)
d3/2
U
(3/2)
d3/2
+ 2(U
(3/2)
d3/2
)2 −
27(U
(3/2)
d5/2
)2
]
with the (E1E1) notation dropped for practical reasons. It can easily be
seen that for the case Pc = ±1 this expression coincides with Eq. (5.7). Moreover, the
expression above also demonstrates the strong sensitivity of the ion orientation. With
the increasing polarization purity de-tuning (i.e. increasing δPc), the denominator
increases and the orientation parameter decreases. This behavior can be graphically
seen on the right side of Fig. 25, where it is shown that de-tuning the purity of incident
polarization by mere 0.1% results in a drop of the ion orientation at nonlinear Cooper
58
minimum by around 30%. If the incident beam is only 99% circularly polarized, the
ion polarization decreases to about 20% of the value of pure polarized beam. This high
sensitivity of the ion orientation appears uniquely at the nonlinear Cooper minimum,
as the influence of other channels increases quickly with polarization de-tuning. At
photon energies matching an intermediate level resonances, the process is effectively
determined by one of the channels only, hence, all other channels are negligible. Due
to this fact, the ion orientation is no longer extremely sensitive to the de-tuning the
polarization purity of the incident light. The purity of ion orientation at these resonant
photon energies could be, however, influenced by the level widths of the fine-structure
levels.
The study of two-photon ionization of the 1s electron of helium-like neon of Fig. 25
was inspired by already performed experiment [38]. In contrast to the experiment, we
suggest performing the experiments with circularly polarized beams, which are already
available at Linac Coherent Light Source (LCLS) at Standford [154] as well as FERMI
at Trieste [155]. Moreover, number of other free-electron facilities include polarization
control in their upgrade plans[156, 157]. With these experimental possibilities, the
nonlinear Cooper minimum can play a key role in detailed understanding of nonlinear
light-matter interaction. Moreover, the degree of ion orientation (or degree of circular
polarization of fluorescent light) has been found to be extremely sensitive to the polar-
ization purity of ionizing light and hence could be used for measuring the polarization
purity of free-electron laser beams.
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6 Analysis of Subsequent Fluorescent Light
In the previous chapter, we discussed the magnetic state of an ion following two-photon
ionization. In the case of inner-shell ionization, where the created hole is surrounded
by electrons in higher orbitals, the excited ion relaxes to a lower energy state after some
time. The relaxation can proceed via nonradiative channel where the excess energy is
transferred to another electron or by an emission of a photon. Since the existence of the
excited ion is limited by its lifetime, it is often experimentally more convenient to detect
the photoion state indirectly via detecting the subsequently emitted particles. In this
chapter, we will extend the study of two-photon inner-shell ionization one step further
and describe the subsequent emission of a photon. This means, we will consider the
same process as before, use the density matrix describing the the state of the photoion
(5.1) from the previous chapter, and use it to describe the subsequent radiative decay.
Starting from the first step, where our system comprises of an atom and two photons,
the two-step process we can schematically represent the process as
|αiJiMi〉+ 2γ(ω)→ |αfJfMf〉+ |peme〉 → |α0J0M0〉+ |peme〉+ γ0(ω0), (6.1)
which differs from (2.9) only by the subsequent step, the relaxation of the excited
photoion from a state |αfJfMf〉 into a lower energy state |α0J0M0〉 with simultaneous
emission of a fluorescence photon γ0(ω0). To obtain the fluorescence photon properties
we need to obtain the density matrix of the system after this additional relaxation step.
Detection of fluorescence yields are often employed in measurements of two-photon K
shell ionization of solids, where the Kα fluorescence serve as a direct signature of the
K shell hole creation. While electron spectroscopy would also be a possible detection
technique, re-scattering of the photoelectrons in the solid could lead to experimental
difficulties. In this sense, detection of the fluorescence is a more suitable method, and
therefore, requires theoretical attention.
6.1 Density matrix of fluorescent photons
The density matrix fully describing the properties of the fluorescence photons can be
obtained using the same tools as in chapter 2 by propagating the produced photoion
density matrix through an additional step of radiative decay. Following the general
rules, we obtain the photon density matrix of the fluorescence photon [98, 100]
〈k0λ0 |ρˆγ0|k0λ′0〉 =
∑
MfM
′
fM0
〈
αfJfMf |ρˆf |αfJfM ′f
〉 〈
α0J0M0
∣∣∣Rˆ(k0, λ0)∣∣∣αfJfMf〉
×
〈
α0J0M0
∣∣∣Rˆ(k0, λ′0)∣∣∣αfJfM ′f〉∗ . (6.2)
The
〈
α0J0M0
∣∣∣Rˆ(k0, λ0)∣∣∣αfJfMf〉 is the transition matrix for the specific bound-
bound radiative transition. This transition amplitude is similar to the second-order
amplitude (2.10) but with the difference, that only one photon transition takes place
and both initial and final wave functions describe an electronic bound state. Since the
polarization degree of the fluorescence photon are given by a ration of its density matrix
elements, the polarization is independent of the bound-bound transition amplitudes.
Just as in the case of Eq. (2.10), we can simplify this transition amplitude with the
60
use of the photon field of Eq. (2.16) and the Wigner-Eckart theorem (A.1). We obtain
〈k0λ0 |ρˆγ0|k0λ′0〉 = 2pi
∑
JMp
J ′M ′p′
∑
MfM
′
f
M0
λp0λ
′p′
0 i
J−p+J ′−p′DJMλ0(θ, φ)D
J ′∗
M ′λ′0
(θ, φ)[J0][J, J
′]1/2
× 〈JfMf , JM | J0M0〉
〈
JfM
′
f , J
′M ′ | J0M0
〉 〈
αfJfMf |ρˆf |αfJfM ′f
〉
×
〈
α0J0||α · a(p)J ||αfJf
〉〈
α0J0||α · a(p
′)
J ′ ||αfJf
〉∗
, (6.3)
where the polar and azimuthal angles θ and φ define the fluorescence photon emission
direction with respect to the zˆ axis. The quantization axis was chosen to be along the
incoming photon direction kˆ, see Fig. 2. This equation represents the most general form
of the photon density matrix for the radiative transition between the many-electron
state |αfJf〉 and |α0J0〉. It depends on the electronic structure of the photoion as
described by the decay transition amplitudes as well as the magnetic population of
the excited ionic state described by its density matrix. Although it has the capacity
to describe all possible decay transitions, in the subsection below, we always choose
only one specific transition to demonstrate the physical properties of the fluorescence
photon.
6.2 Degree of polarization of fluorescence light
The polarization of photons is conveniently expressed in terms of Stokes parameters
introduced in Sec. 2.3.2. Theoretically, the three Stokes parameters describing the
photon polarization can be obtained by a combination of elements of the density matrix
(6.3). Their exact expression can be easily derived from the expression (2.25) by
normalized addition (subtraction) of its terms
P
(J0)
1 (k0) =
〈k0λ0 = 1 |ρˆγ0|k0λ′0 = −1〉+ 〈k0λ0 = −1 |ρˆγ0 |k0λ′0 = 1〉
〈k0λ0 = 1 |ρˆγ0|k0λ′0 = 1〉+ 〈k0λ0 = −1 |ρˆγ0|k0λ′0 = −1〉
P
(J0)
2 (k0) = i
〈k0λ0 = −1 |ρˆγ0|k0λ′0 = 1〉 − 〈k0λ0 = 1 |ρˆγ0|k0λ′0 = −1〉
〈k0λ0 = 1 |ρˆγ0 |k0λ′0 = 1〉+ 〈k0λ0 = −1 |ρˆγ0|k0λ′0 = −1〉
(6.4)
P
(J0)
3 (k0) =
〈k0λ0 = 1 |ρˆγ0|k0λ′0 = 1〉 − 〈k0λ0 = −1 |ρˆγ0|k0λ′0 = −1〉
〈k0λ0 = 1 |ρˆγ0|k0λ′0 = 1〉+ 〈k0λ0 = −1 |ρˆγ0|k0λ′0 = −1〉
,
where the superscript (J0) represents the total angular momentum of the ion after
the radiative decay. In this chapter, we aim to describe the polarization degree of
fluorescence photons. Since their energy is determined by the corresponding bound-
bound transition, we will simplify the notation by leaving out the momentum k0 and
using only the angles which determine the photon emission direction in the notation
of Stokes parameters, e.g. P
(J0)
1 (θ, φ). Having explained the basic quantities and their
notation, we can now dive into investigation of the fluorescence polarization properties
of specific examples. As in all previous chapters, we begin with considering two-photon
ionization of s electrons and study the properties of the subsequent Kα decay. We
remind the reader that in Sec. 2.3.2, we introduced a notation to distinguish between
the degree of polarization of the incident and the fluorescence photons. While the
two photons that ionize the target are described by Stokes parameters Pl and Pc, the
polarization of the photons emitted by the produced ion is described by P1, P2 and P3
parameters.
6.2.1 Kα fluorescence
The Kα fluorescence is emitted by the decay of a 2p electron to a 1s vacancy. As
such, the detection of the characteristic fluorescence photon is a direct evidence of a
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K shell vacancy. This signal is often used in experiments [24–27] to quantify the total
two-photon K shell ionization cross section. The fluorescence photon density matrix
can be obtained from the above general expression. For convenience, we here introduce
a shorter notation ρ±1±1γf (J0) = 〈k0λ0 = ±1 |ρˆγ0|k0λ′0 = ±1〉 to express the fluorescence
photon density matrix. Consistently with relativistic theory in previous chapters, we
assume that the excited ion was produced by two-photon ionization of a full shell atom
by fully polarized photons. Let us first consider the case, where the 1s vacancy is filled
by an electron from the 2p1/2 shell. Under these conditions, the photon density matrix
of the Kα2 fluorescence is given by
ρ±1±1γf (1/2) =
3|Tn′pns|2
400pi
[
50(1− P 2c )|Us1/2|2 + 2(2 + P 2c )(|Ud3/2|2 + 54|Ud5/2|2)
∓ 3Pc cos θ(36|Ud5/2|2 − |Ud3/2|2)
]
(6.5)
ρ±1∓1γf (1/2) = 0,
where Tn′pns is reduced amplitude describing the bound-bound decay transition. Al-
though we discuss the Kα2 emission only, the above expression is valid for any other
transition with the same symmetry, i.e. for any transition np1/2 → n′s1/2. The photon
density matrix for the Kα1 fluorescence photon which describes the photon emitted by
the p3/2 → s1/2 transition, ρ±1±1γf (3/2), is the same as ρ±1±1γf (1/2) only with the cos θ
term multiplied by a factor of −1/2. From the above photon density matrix, we can
also see that no properties of the fluorescence photon depend on the azimuthal angle
φ and unless the incident light is circularly polarized, there is also no dependence on
the θ angle.
We can now utilize the photon density matrix to obtain the degree of polarization
of the fluorescence photons. Notice that since the off-diagonal elements of the photon
density matrix are always zero, the fluorescence photon will never posses any degree
of linear polarization. Nevertheless, it can be circularly polarized. The degree of
circular polarization of the fluorescence photon can be written in the electric dipole
approximation as
P
(1/2)
3 (θ) = A10(1/2)cosθ, (6.6)
P
(3/2)
3 (θ) = −
1
2
A10(1/2)cosθ.
We already know, that the ion alignment A10(1/2) is nonzero, only if the incident pho-
tons are circularly or elliptically polarized (see Eq. (5.7)). This property propagates
also to the degree of polarization of the fluorescence photon. The simple expressions
(6.6) clearly demonstrate, that the fluorescence photon is fully determined by the align-
ment of the ion and carries the spin polarization information. Since the Kα1 and Kα2
fluorescent photons have different energies, they are experimentally distinguishable [24].
This means that the degrees of circular polarization corresponding to each radiative
decay can be measured and analysed separately. From the above expression, it is clear
that detecting the fluorescence light emitted by the decay of the p1/2 electron will yield
stronger signal in measurements of the degree of polarization than the one emitted by
the decay of the p3/2 electron.
Due to the trivial dependence of the degree of circular polarization of Kα radiation
on the angle θ and its proportionality to the ion orientation, we will restrain from
presenting an example here. Instead, we refer the reader to the corresponding results
of the previous chapter and move on to investigate the Lα characteristic lines.
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6.2.2 Lα fluorescence
We have already seen in previous chapter, that it is possible to polarize an atom by two-
photon ionization of p electrons with light of arbitrary polarization. Here, we show that
this feature also propagates to the polarization properties of the subsequently emitted
fluorescence photon, which provides us with new tools to study atomic properties. We
will now consider decay of a singly charged ion with an inner-shell p vacancy under
consideration that this ion has been produced by two-photon ionization of a closed shell
atom and limit the current analysis to ns→ n′p bound-bound decay transitions only.
As in earlier chapters, we will restrict our analytical description of two-photon ioniza-
tion of p electrons to the nonrelativistic limit. The density matrix of the fluorescence
photon can be simply obtain from Eq. (6.3) and (5.8). Although it is straightforward to
obtain this photon density matrix, it becomes lengthy without placing any restrictions
on the incident photon polarization. For the sake of simplicity, we consider that the
ion was produced by two-photon ionization of right-circularly polarized light, however,
in later subsection, we present an example where an unpolarized incident beam was
considered. The photon density matrix for a photon emitted by ns→ n′p transition is
then
ρ±1±1γf =
9|Tn′snp|2
2800pi
{
7(cos θ ± 1)2|Up|2 + 12
[
(3 cos θ ∓ 7)2 − 10]|Uf |2}, (6.7)
ρ−11γf = ρ
1−1
γf
=
−9|Tn′snp|2 sin2 θ
2800pi
(7|Up|2 + 108|Uf |2),
where θ is angle between the fluorescence emission direction and the propagation direc-
tion of the two incident photons, Tn′snp is the reduced transition amplitude describing
decay of the n′s electron to the np−1 vacancy. We can now use the density matrix to
obtain the degrees of linear and circular polarization of the fluorescence photons by
utilizing Eqs. (6.4)
(6.8)
P
(0)
1 (θ) =
−2 sin2(θ)
[
7|Up|2 + 108|Uf |2
]
7
[
3 + cos(2θ)
]|Up|2 + 36[29 + 3 cos(2θ)]|Uf |2 ,
P
(0)
3 (θ) =
28 cos(θ)
[
|Up|2 − 36|Uf |2
]
7
[
3 + cos(2θ)
]|Up|2 + 36[29 + 3 cos(2θ)]|Uf |2 .
These simple expressions describing the polarization of the fluorescence photon already
reveal the dependence of the photon polarization on its emission angle. While the
photons emitted along the incident beam polarization will be circularly polarized, at
right angle they will be only linearly polarized. For any emission angle between these
characteristic directions, the fluorescence photons will be elliptically polarized. The
exact degrees of polarization will depend on the incident photon energy as well as the
atomic structure of the target atom.
Even though it is necessary to calculate the transition amplitudes Ul explicitly, let us
argue with physical arguments based on properties of Eq. (2.22) and quantum paths of
each magnetic substate of the p orbital (see Fig. 26) that full polarization transfer from
incident to fluorescent photon in direct two-photon ionization by circularly polarized
light is achievable. The absorption of each right-circularly polarized photon increases
angular momentum projection of the active electron by one, which lays restrictions on
the possible ionization channels for each initial magnetic substate. While the ioniza-
tion channel which describes the photoelectron with f symmetry is open to all of the
bound np−electrons, the channels describing photoelectron with p symmetry is open
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Figure 26: (Color online) Schematic diagram of possible electric dipole channels for two-
photon ionization of a p−electron by right-circularly polarized light. The population of
each magnetic projection, m = −1 (squared green pattern), m = 0 (vertical blue pattern),
m = 1 (horizontal red pattern), after ionization is indicated with respect to the full shell
population (dotted rectangle) for photon energies not matching polarization resonances (left)
and matching them (right).
only to the m = −1 electron. This means that whenever Up transition amplitude is
greater than the Uf amplitude, ionization of the electron with negative projection will
be preferred. For example, if we choose a photon energy matching a transition to an
intermediate level s−resonance, channel with final p symmetry will dominate the pro-
cess and population of negative projection electrons will be depleted (see right side of
Fig. 26). The subsequent n′s→ np electronic transition will therefore fill the m = −1
vacancy and emit a photon with helicity λ = −1 along the incident beam propagation
(quantization) axis. This means that the emitted radiation will be fully polarized, and
specifically, the degree of circular polarization of this photon along quantization axis
will be P3(0
◦) ≈ 1 while at the right angle to the quantization axis P1(90◦) ≈ −1. The
resonant photon energy will be clearly visible in fluorescence polarization spectrum in
form of a peak (or through), to which we shall refer to as level resonance. Since the
channel with final f symmetry is generally dominant, tuning our photon energy to an
intermediate d resonance will not affect the fluorescence polarization. Another way
to obtain strong polarization transfer is to tune the photon energy near the nonlinear
Cooper minimum (see Sec. 2.2.2). At this point, the dominant ionization channel
vanishes, and identical polarization scheme as described above is achieved. The strong
polarization transfer originating from this phenomenon will be referred to as Cooper
resonance.
We will now demonstrate the above predictions with a numerical calculation of
two-photon ionization of 2p electron of neutral magnesium. For the particular exam-
ple of two-photon ionization of the 2p orbital of magnesium atom, the initial state
is |αiJiMi〉 = |1s22s22p63s2 1S0〉 ≡ i. The dominant ionization channels will lead
to the following two final states (ionic part only)
∣∣1s22s22p53s2 2P1/2〉 ≡ f1/2 and∣∣1s22s22p53s2 2P3/2〉 ≡ f3/2, describing singly charged magnesium ion with 2p−11/2 and
2p−13/2 holes, respectively. The subsequent decay of the singly charged magnesium ion to
the ground state
∣∣1s22s22p63s 2S1/2〉 ≡ g results in an emission of a fluorescence photon
with energy ωf = Ef1/2 − Eg = 50.153 eV or ωf = Ef3/2 − Eg = 49.915 eV [158]. Let
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Figure 27: Two-photon ionization of the p−electron of magnesium atom. Transition am-
plitudes (top), total cross section (bottom, dot-dashed) and degree of circular and linear
polarization of the emitted fluorescence photon P
(0)
3 (θ = 0
◦) (bottom full) and P (0)1 (θ = 90
◦)
(bottom dashed) as functions of incident photon energy. While the electronic fluorescence
resonances match the intermediate s−state (also visible in the total cross section).
us now consider displacement of other electrons, so called shake-up processes, which
could influence the final result. Assuming that this secondary effect is more important
near threshold energies, similarly as in one-photon ionization, the shake-up transition
1s22s22p63s2 + 2γi → 1s22s22p53s4s dominates this effect [159]. We estimated that in
our example, this process contributes by less than 10%. Moreover, the subsequent flu-
orescent photon carries energy E1s22s22p53s4s − E1s22s22p64s ≥ 52.26 eV [158], depending
on the coupling of 2p53s4s electrons. It is therefore clear, that in comparison to ≈ 50
eV produced by the dominant channels, one can filter out the photons arising from the
shake-up decay channel by the photon detector [160].
Having justified our theoretical approach, let us first utilize the nonrelativistic ex-
pression (6.8) to predict the degree of polarization of the subsequent 3s→ 2p fluores-
cence. Figure 27 shows possible ionization channels (upper plot) as well as the total
two-photon ionization cross section and degrees of circular and linear polarization of
subsequent fluorescent photon (lower plot) as functions of incident photon energy. The
lower subfigure shows, that degree of circular polarization (full green) generally takes
constant value of around P
(0)
3 (0
◦) ≈ −0.88 along the quantization axis, while degree
of linear polarization at perpendicular direction is P
(0)
1 (90
◦) ≈ −0.23, as predicted by
Eqs. (6.8). However, these values change dramatically at clearly visible resonances. If
we compare the energy positions of these polarization resonances, we notice that some
of them (level resonances) appear at the same energies as the resonances of the total
cross section, as expected. On the other hand, Cooper resonances have no counter part
in the total cross section. Their origin is apparent if the corresponding energetic po-
sitions are compared with zero value of the Uf transition amplitude (full orange curve
of Fig. 27). To guide the eye, Cooper resonances are marked with dashed vertical
lines. First Cooper resonance occurs at energy ω = 55.87 eV near the intermediate
2p63s2 1S0 → 2p53s23d 1P1 resonant transition, while second Cooper resonance can be
found at ω = 56.68 eV close to the intermediate 2p63s2 1S0 → 2p53s24d 1P1 resonance.
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Figure 28: Two-photon ionization of the p1/2 (upper) and p3/2 (lower) electron of magnesium
atom. Total cross section (dot-dashed) and degree of circular and linear polarization of the
emitted fluorescent photon P
(0)
3 (θ = 0
◦) (full) and P (0)1 (θ = 90
◦) (dashed) as functions of inci-
dent photon energy. While the level fluorescence resonances match the intermediate s−state
(also visible in the total cross section), the Cooper resonances originate from vanishing of the
dominant ionization channels.
A natural question arises at this point. Is the nonrelativistic description sufficient
in the described scenario? The fine-structure splitting of the p level is larger than the
width of the Cooper minimum, it is therefore reasonable to question the nonrelativis-
tic results. The nonrelativistic treatment was chosen for its simplicity to explain the
phenomenon of polarization transfer, nevertheless, it is worth to spend a moment in
order to address the validity of the presented results explicitly. For this reason, we
carried out fully relativistic calculation using the general expression (6.4). The results
are presented in Fig. 28, where the upper figure shows the results corresponding to
two-photon ionization of the 2p1/2 (f1/2 state) electron and the figure below to ioniza-
tion of the 2p3/2 (f3/2 state) electron. If we compare these results to the nonrelativistic
ones presented in Fig. 27, we notice that by resolving the fine-structure splitting of
the 2p electrons, we also resolve the splitting of the Cooper resonances associated with
each of them. The nonlinear Cooper minima appear due to the dominant ionization
channel passing through zero between two adjacent 2p63s2 1S0 → 2p5(P1/2)3s2nd 1P1
or 2p63s2 1S0 → 2p5(P3/2)3s2nd 1P1 resonances. From the figure, it becomes apparent
that the degree of linear polarization of the fluorescent photon arises from ionization
of the p3/2 electron only, and hence the corresponding Cooper resonances are shifted
to higher incident photon energies with respect to the nonrelativistic prediction. Fur-
thermore, Fig. 28 also shows that accounting for the spin-orbit interaction changes the
magnitude of the degree of linear polarization of the subsequent fluorescence photons.
The larger nonrelativistic value of linear polarization degree at the Cooper resonances
arises from the interference of the f1/2 and f3/2 terms in Eq. (2.25), which should be
introduced when Ef1/2 = Ef3/2 . With this interference term the nonrelativistic results
are restored. The important point that Fig. 28 demonstrates, is that although ac-
counting for fine-structure splitting changes the magnitudes of the polarization degree
at Cooper resonances, it firmly confirms their presence in relativistic treatment.
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Figure 29: (Color online) Two-photon ionization of the 2p1/2−electron of magnesium atom.
Total cross section (in units of 5 × 10−50 cm4s shaded) and degree of circular polarization
(lines) of the emitted fluorescent photon P3(θ = 0
◦) as functions of incident photon energy.
Three different screening potentials were used to calculate the quantities: Core-Hartree (dot-
dashed, blue), Perdew-Zunger (full, green), and Kohn-Sham (dashed, red).
Predictions of exact energy positions of polarization Cooper resonances strongly
depend on capability of theoretical models to represent the complete atomic spectrum.
However, our aim here is not to predict the position precisely, but to justify that
the nonlinear Cooper minimum always appears between any pair of n′(l + 1) and
(n′ + 1)(l + 1) resonances (as explained above). Although we consider our proof to be
rather general, we carried out further calculations for verification. The employed single-
active electron approach reproduces all the intermediate resonances |αnJnMn〉 as listed
by NIST [158] in the given energy region. The remaining difference between single-
and many-electron approaches comes from the numerical values of matrix elements. In
order to investigate the sensitivity of the matrix elements on the employed theoretical
model, we perform the calculations for number of different screening potentials [93–
95]. Figure 29 presents the cross section (shaded) and degrees of circular polarization
of fluorescence light emitted after two-photon ionization of 2p1/2 electron for three
different screening potentials: Core-Hartree (dot-dashed, blue), Perdew-Zunger (full,
green), and Kohn-Sham (dashed, red). From the figure, it is clear that although the
exact position predictions of Cooper minima differ, the minima are predicted by all
potentials. Thus, with the presented calculations we cover the essential attributes
of the second-order many-electron matrix elements (2.22) and justify the existence of
nonlinear Cooper minima.
6.3 Fluorescence emission direction
Now we know, how does the photon polarization change with the photon energy and
what is its dependence on the photon emission direction. However, we have not yet
explored, what is the most likely emission direction. It is often assumed the the atomic
relaxation leads to an isotropic emission of electrons, but to what extend is this correct
and does this assumption always hold? It is the aim of this section to answer these
questions.
The angular distribution of the fluorescence photons can be readily obtained from
the trace of the photon density matrix
W (θ, φ) = 〈k0λ0 = 1 |ρˆγ0|k0λ′0 = 1〉+ 〈k0λ0 = −1 |ρˆγ0|k0λ′0 = −1〉 . (6.9)
From this expression together with Eq. (6.5) we can briskly come to the conclusion
that the fluorescence photons emitted by a transition np → n′s are equally likely to
be emitted in any direction, and hence, that their angular distributions are spherically
symmetric. This conclusion comes from the fact that once the two terms of Eq. (6.5)
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Pc=1 Pl=1
Figure 30: Typical fluorescence photon distributions for the characteristic Lα lines emitted
from a singly charged ion. The ion was produced by two-photon ionization of closed shell
atom by circularly (left) or linearly (right) polarized beam.
are added, there is no angular dependence. The possible contributions arising from
the higher multipole orders to this transition were found equally angle-independent.
For this reason, we will concentrate on the angular distributions of the Lα series.
Even though we restricted our description of the fluorescence photon density matrix
to a particular incident photon polarization, here, we return to the general case and
present angular distributions of the fluorescence photons for arbitrary incident beam
polarization
W (θ, φ) =
9|Tn′snp|2
5600pi
[
Pl cos(2φ) sin
4 θ
(
7(5R(s)p +R
(d)
p )(5R
(s)
p + 7R
(d)
p ) + 36|R(d)f |2
)
+ 175|R(s)p |2(4 sin2 θ − 8) + 280R(d)p R(s)p (sin2 θ − 2)(1 + 3P 2l )
+ 7|R(d)p |2
(
8(19 + 18P 2c − 6P 2l ) + 4 sin2 θ(10− 9P 2c − 3P 2l )
)
+ 18|R(d)f |2
(
− 8(9 + 7P 2c + P 2l ) + sin2 θ(5 + 7P 2c − P 2l )
)]
. (6.10)
Although the above expression is rather long, by a closer investigation it provides us
with a first feeling about the angular distributions of the Lα fluorescence photons. One
can notice, that all transition amplitudes multiply a certain function which depends on
the zeroth, second or fourth power of sin2 θ and therefore, change of amplitude values
does not significantly change the angular dependence. Since this is the case, figure 30
presents the general angular distribution of Lα fluorescence photons. It is also worth
noting, that the only φ dependence lays in the first term which is linearly proportional
to the degree of linear polarization of the incident light. Therefore, for two-photon
ionization of inner-shell p electrons by circularly polarized light, the distributions of
subsequent fluorescence must be rotationally symmetric. The angular distribution
expression above also answers the question from the beginning of this section. Since
the distributions depend on powers of sin θ they are no longer spherically symmetric
as it was in the case of fluorescence emitted by a np→ n′s transition.
6.4 Experimental possibilities
For inner-shell ionization, it is experimentally often simpler to detect particles emitted
by one of the subsequent processes rather than measuring the produced photoion. In
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Curent calculation
MCDF
Figure 31: The linear polarization of characteristic Lα lines emitted from singly charged
neutral tungsten ion. The tungsten ion was produced by either by one- (left) or two- (right)
photon ionization by unpolarized incident light. The degree of linear polarization of the flu-
orescence photons is presented as function of absorbed energy from one (left) or two (right)
photons. For the case of one-photon ionization, results are presented for the current com-
putation method, i.e. independent-particle approximation (dashed lines), multiconfiguration
Hartree-Fock method (full lines, see [163]) as well as experimental data (red points).
the case of two-photon K shell ionization, the detection of subsequent Kα fluorescence
became a standard approach to extract the total cross sections from the measured
yields Y (θ) [24–27, 161]. Currently, the total two-photon ionization cross section is
the most commonly used quantity to describe the ionization process (see chapter 3 for
detailed description of the total two-photon ionization cross sections). Unfortunately,
there is a standing problem with the precision of the extracted cross sections. The yield
of the Kα fluorescence, which is typically measured in experiments, being integrated
over angles, is a product of cross section σ(2) and a photon flux F squared [162]∫
Y (θ)dθ ∝ σ(2)F 2. (6.11)
Thus, the precision of cross section extracted from a measured fluorescence yield are
highly sensitive to uncertainties in the flux, which needs to be extracted from the
fluctuating pulse energy and the pulse structure. For example, for two-photon ion-
ization of the K−shell of zirconium, the total cross section was reported in the range
3.9 − 57 × 10−60cm4s. The reason for this wide range of values was appointed to the
systematic uncertainty in beam parameters of LCLS FEL which determine the abso-
lute flux [25]. Similarly, Richter et al. [37] report 30% uncertainty in the beam flux
at FLASH FEL which results in ≈ 50% uncertainty in the extracted cross section of
two-photon ionization of singly and doubly charged neon atoms. Here we want to ar-
gue that the polarization degree of fluorescence is independent of these factors as it
is given by a normalized difference of the measured fluorescent photon intensities (see
Sec. 6.2). This insensitivity to photon flux will allow to measure the polarization with
much higher accuracy than total cross section, and hence, this method could serve
as an alternative approach in fundamental research as well as nonlinear spectroscopy
[27]. Studies aimed at determining the position of nonlinear Cooper minima could in
particular test the current theoretical description of atomic structure. Such studies
are also experimentally realizable with the use of seeded free-electron laser operations,
which are capable of producing spectrally narrow beams. At the time of writing, there
have been no experiments measuring the polarization properties of fluorescence pho-
tons emitted by an ion produced by two-photon ionization. However, such experiments
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have been performed for cases, where an inner-shell electron of an atom is ionized by
a single photon. We here take the experiment performed by Ka¨mpfer et al., where
the authors measured the linear polarization of the characteristic lines Lα, following
one-photon ionization of 2p3/2 electron of neutral tungsten atoms by the primary emis-
sion of an x-ray tube [163]. We first perform the corresponding calculations within
our independent-particle approximation and compare the results to the calculations
performed with the multiconfiguration Dirac-Fock (MCDF) method as well as the ex-
perimental results. Then, we consider the same experimental conditions, however, this
time we consider that the inner-shell hole is produced by two-photon ionization.
The left side of Fig. 31 shows the degree of linear polarization of the Lα1,2 lines fol-
lowing the ionization of a 2p3/2 electron of tungsten by an unpolarized beam. The plot
presents the comparison between theoretical results calculated within the independent-
particle approximation (dashed) and the MCDF method performed in [163] as well as
the experimental results presented in the same publication. From this figure we can
deduce that although the many-electron electron calculation reaches better agreement
with the experiment, the independent-particle approximation is still in rather good
agreement. More importantly, the results of the present calculation still reflect the
same energy dependence of the degree of linear polarization of the fluorescence pho-
tons and differs from the results calculated by MCDF method by approximately a
constant factor.
The right side of Fig. 31 also presents the degree of linear polarization (in percent-
age) of the Lα1,2 lines, however, this time, following two-photon ionization of a 2p3/2
electron of tungsten by an unpolarized beam. The x-axis show the combined energy of
the two photons, i.e. the energy pumped into the atomic system. Already from the first
glance, it becomes apparent that ionizing the neutral tungsten atom by two photons
instead of one results in high sensitivity of the fluorescence photon (or ion) polarization
on the incident photon energy. Even more intriguing are the physical origins of the
peaks and troughs. At low photon energies, in the nonresonant region, the degree of
linear polarization is rather comparable to the case of one-photon ionization, however
at higher energies, this value changes dramatically due to intermediate level resonances
and nonlinear Cooper minimum. The first and last peaks (and troughs) originate from
the incident photon energy matching an intermediate 2p3/2 → ns resonance, they have
been marked by solid gray lines. The peaks marked with green dashed lines originate
from the 2p3/2 → 3d3/2,5/2 resonances. Lastly, the small peak marked with red dashed
line originates from the zero contributions of the 2p3/2 → nd channels, which corre-
sponds to the nonlinear Cooper minimum (see Sec. 2.2.2). The detailed explanation of
the origin of each of these phenomena was provided in previous examples in this and
the previous chapter.
The comparison of the left and right plots of Fig. 31 demonstrates just how com-
pletely new behavior of the light-matter interaction can be achieved with nonlinear
processes. While the left-hand side figure contains only information about the initial
and final electron states, two-photon ionization allows us to probe the complete elec-
tron structure of atoms and use the same methods as in one-photon ionization case to
obtain this information.
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7 Summary and Outlook
In this thesis we theoretically studied one of the most fundamental nonlinear processes,
the two-photon ionization. Using the independent particle approximation and relativis-
tic second-order perturbation theory, we derived the most common quantities which
are commonly obtained from measurements, the total cross section and photoelectron
angular distributions. Moreover, we also investigated other measurable quantities such
as the magnetic properties of the produced photoion as well as polarization properties
of the subsequent fluorescence light. We explored the dependence of the cross section
and polarization degrees on the incident photon energy and evaluated the contributions
of relativistic effects. We also studied the properties of these quantities in the vicinity
of the nonlinear Cooper minimum. We found out that in particular cases interesting
effects such as minimum in the total cross section, elliptical dichroism in the photo-
electron angular distributions or full polarization transfer from incident to fluorescence
photons can be achieved at or near the nonlinear Cooper minimum.
To summarize this thesis in more detail, in the first section, we started by a historical
overview of two-photon ionization process. The studies of this nonlinear process arose
from the first theoretical consideration by Marie Go¨ppert-Mayer [1] and significantly
progressed with the first experiments which employed optical lasers. Recent efforts
pushed the theoretical description to utilize ever more precise theory and describe
the process within fully many-electron or relativistic approach. Experimentally, rapid
increase of interest in two-photon ionization appeared with the fast development of
free-electron lasers, which allow to probe the nonlinear dynamics in strongly bound
electrons.
The aim of chapter 2 was to lay out the theoretical basis of relativistic and density
matrix theory for the description of the two-photon ionization process. After a brief
overview of the Dirac equation and its solutions in spherically symmetric potentials, the
transition amplitude of the two-photon ionization was described within the framework
of second-order perturbation theory and within independent particle approximation.
From the properties of the transition amplitude, the concept of nonlinear Cooper min-
imum was deduced. With nonlinear Cooper minimum, we describe the photon energy
at which the otherwise dominant ionization channel passes through zero due balance
of ionization path spectra. This phenomenon, which always occurs for nonresonant
photon energies which lays between any two level resonances of the same angular mo-
mentum, strongly impacts all observables of the two-photon ionization process. The
numerical evaluation of the transition amplitudes which was employed in generating
all results of this thesis was described.
The last subsection of the second chapter was used to introduce the concept of den-
sity matrix theory and to obtain the density matrix of the final state of the considered
system. This density matrix fully describes all properties of both, the produced pho-
toelectron as well as photoion and is the central expression of this thesis as it served
as a starting point to each of the remaining chapters.
Chapter 3 was dedicated to the total two-photon ionization cross sections. Total
cross sections for ionization of atomic s and p electrons were derived within electric
dipole approximation to provide a simple tool for analytical analysis of two-photon
ionization. Total two-photon ionization cross sections have been shown to have a
local minimum at the nonlinear Cooper minimum. Since the energy position of this
minimum is determined by the complete level spectrum of an atom, its experimental
determination could serve as a sensitive tool to accurately test the agreement between
theory and experiment.
In the third section, the contribution of relativistic effects to the total two-photon
ionization cross section was evaluated. Relativistic and nonrelativistic calculations were
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presented for various photon energies and for ionization of 1s electrons of atoms ranging
from hydrogen to uranium. It was shown, that the relativistic wave function contrac-
tions is the dominant relativistic effect, while the contribution of higher multipoles of
the photons or the contributions from the negative energy continuum were found to be
less important. Significant dependence of the contributions of all relativistic effects on
nuclear charge as well as the incident photon energy was shown. The last subsection of
the third chapter discussed current experimental efforts and fully relativistic calcula-
tions were compared to the available experimental values of the total cross section for
two-photon K shell ionization. From the comparison, it appears that the experiments
which were performed with incident photon energies near the two-photon ionization
threshold [24, 25, 27, 116] are generally in a good agreement with theory, while those
utilizing photon energies near the one-photon ionization threshold [26, 38, 117] require
more attention.
In section 4, the photoelectron angular distributions following two-photon atomic
ionization were studied in detail. The dependence of the photoelectron emission direc-
tion on the photon polarization was studied and explained. Relativistic calculations of
the distributions were compared to the nonrelativistic ones. It was demonstrated that
the momentum transfer from the light to the atom included in higher multipole orders
of the light-matter interaction result in increased emission into the forward direction
in comparison to emission backwards. This forward-backward asymmetry in photo-
electron emission increases with increasing photon energy and is more pronounced for
heavier elements [66]. The photoelectron angular distributions were studied in the
vicinity of nonlinear Cooper minimum and their strong variation close to this point
was shown explicitly.
Section 4 also reports on an intriguing phenomenon called the elliptical dichroism.
The elliptical polarization of the incident photons results in a unique left-right asym-
metry of the photoelectron angular distributions in two-photon ionization of atoms.
This asymmetry is present also for ionization of unpolarized atoms, which is the domi-
nant difference from the well-known circular dichroism in photoionization process. The
physical as well as mathematical origins of this asymmetry were unveiled and the con-
ditions to achieve the maximum of this effect were presented. Lastly, comparison with
experimentally measured photoelectron angular distributions were presented and a pro-
posal for experimental detection of the elliptical dichroism in two-photon ionization of
helium was shown.
Section 5 explored the state of a photoion following the two-photon ionization pro-
cess. The meaning of ion polarization was defined and the magnetic substate pop-
ulations of atoms after two-photon s and p electron ionization were investigated for
different incident photon polarization. While producing a high degree of ion polariza-
tion by two-photon ionization of the s electron is generally ineffective, ionization of p
electrons results in much higher degree of polarization. A strong deviations of the ion
polarization can be achieved at the nonlinear Cooper minimum where the polarization
strongly increases. This is, in particular, the case for atomic ionization by circularly po-
larized light, for which the ion polarization reaches its maximum. A detection scheme
based on this atomic response could serve for a precise determination of the position
of nonlinear Cooper minimum. By measuring the ion polarization, atomic ionization
parameters (such as transition amplitudes) could be extracted, which could lead to
resolving of current discrepancies. An example how to resolve the discrepancy in the
total two-photon ionization cross section of helium-like neon [38, 118] was proposed.
Detection of fluorescence photons is a common technique to experimentally mea-
sure the K (or inner) shell two-photon ionization process [24–27]. Chapter 6 discusses
the polarization properties of such fluorescence photons as well as their angular dis-
tributions. The polarization transfer from the incident to the fluorescence photons
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is studied for different incident photon polarization. The extrema of the polarization
transfer at the nonlinear Cooper minimum were discussed for both, creation of s and
p vacancies by two-photon ionization. The strong fluorescence polarization signals at
nonlinear Cooper minimum could serve for experimental determination of the positions
of the Cooper minimum, and hence, to an accurate test of the theory of the nonlinear
interaction as well as atomic structure. Realistic examples were presented to motivate
new experiments to be performed.
This work was mainly motivated by the new experimental opportunities offered by
the free-electron lasers. The development of these high energetic intense light sources
proceeds and new spectacular beam properties are becoming available by upgrades of
standing free-electron lasers as well as in new facilities. This continuing grow of free-
electron laser science and its countless number of possibilities provide motivation for
further theoretical research of interaction of atoms with strong fields. For example,
the seeded operation at the FERMI free-electron laser in Trieste Italy is capable of
producing pulses with narrow beam width. This unique feature of the FERMI laser
would readily allow detailed investigations of the nonlinear Cooper minima discussed in
this thesis, while free-electron lasers based on SASE operation could made such studies
cumbersome.
The polarization control of the free-electron laser pulses is becoming a popular
topic and is included in number of plans for upgrades of free-electron laser facilities.
In this work we have shown, that elliptically and circularly polarized beams open new
possibilities in spectroscopy as well as in quantum control. The polarization control
of XUV beams would of course be also beneficial in other fields such as quantum
chemistry, material science and molecular physics where the chirality of the target
could be probed.
One particularly interesting upgrade plan is the two-color operation of the free-
electron lasers which has been mentioned on recent conferences (at the time of writing).
So far, two-color experiments have been restricted to overlapping the XUV pulses with
IR lasers. The two-color operation of free-electrons would allow us to move past this
restriction and investigate XUV pump and XUV probe schemes or the interplay of
different ionization channels. For example, by overlapping a beam with energy ω and
one with lower intensity but double the energy 2ω, one could investigate the interference
of one- and two-photon ionization paths in the XUV or x-ray regime [164, 165] or to
boost the total cross section in order to investigate nonlinear effects such as the elliptical
dichroism.
With the increasing intensities of the free-electron electron lasers, it becomes easier
to investigate multi-photon absorption dynamics beyond two-photon ionization. There
is no question about the presence of nonlinear Cooper minima in three- and more
photon ionization. However, with the number of absorbed photons, the number of
possible ionization channels also increases. Hence, the question arises what atomic
behavior is there to discover at many-photon ionization at these minima. Will the
strong responses of atomic systems presented in this work diminish, or are there yet
unnoticed effects waiting to be explored? A similar question applies to the threshold
effects we have seen in this work. With increasing number of absorbed photons, the
angular momentum of the photoelectrons increases. If the threshold effects originate
from the centrifugal potential barrier, will the amplitude dynamics near threshold be
even more pronounced in the case of many-photon ionization? The understanding of
the two-photon ionization might hint the answers to some of these questions, however,
further theoretical as well as experimental efforts are needed to fill in the gaps in our
understanding explicitly.
During calculations of the cross sections of two-photon ionization of inner-shell
electrons and in particular the properties of subsequent fluorescence photons, the inde-
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pendent particle approximation came short on reproducing the many-electron atomic
structure. It would be indeed very interesting to extend the current effective one-
electron theory into many-electron theory. This would allow us to perform the cal-
culation to practically any atomic system. Moreover, it would be possible to test the
representation of the complete many-electron spectrum near the nonlinear Cooper min-
imum as well as to extend the included process of relaxation of the produced photoions
by including for example Auger decays (this has been done for one-photon ionization,
see e.g. [152]). A promising opportunity to perform many-electron calculations of
two-photon ionization lays in the recently published software JAC [50] which aims to
provide all building blocks for the necessary code.
There have been few recent experiments, where two-photon ionization is performed
near the one-photon ionization threshold [26, 117]. Due to the excitation of the Ryd-
berg manifold, the corresponding total cross sections exceed the scaling law introduced
by Zernik [21]. There are further plans to perform similar experiments, however, with
an additional overlap of the free-electron laser pulses with a IR laser beam. Previously,
a similar experiment challenged our understanding of nonlinear light-matter interac-
tion in one of the simplest systems, the helium atom [45]. It is therefore an interesting
question what happens when such an experiment is performed for much heavier ele-
ments with the excitation of the Rydberg states. Near future experimental as well as
theoretical efforts will attempt to pin point this issue and deepen our understanding
of atomic response in such extreme conditions.
The last few paragraphs sketch a few possibilities of further theoretical research
ideas. There are of course many more then mentioned here, however, their discussion
would exceed the limits of this thesis. All these unanswered questions motive us to
carry out more precise calculations, predict hitherto unobserved effect and to put our
theoretical predictions to a test at experimental facilities. Let’s keep exploring!
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Appendices
For completeness, this appendix briefly lists the definitions and some important prop-
erties of the special functions occurring in the thesis. More detailed treatments can
be found in the relevant literature. For example, the Atomic Structure Theory from
W. R. Johnson [70] is particularly useful, or the Relativistic Atomic Collisions from J.
Eichler and W. E. Meyerhof [69].
A Used Angular Momentum Theory Relations
The Wigner-Eckart theorem states that matrix elements of spherical tensor operators
in the basis of angular momentum eigenstates can be expressed as
〈jfmf | TJM | jimi〉 = (−1)
2J
[jf ]
〈jimiJM | jfmf〉 〈jf ‖TJ‖ ji〉 , (A.1)
where the reduced matrix element 〈jf ‖TJ‖ ji〉 is independent of angular momentum
orientation, and 〈jimiJM | jm〉 is a Clebsch–Gordan coefficient. This theorem is widely
used in quantum physics and its proof and examples of applications can be found for
example in Ref. [70].
To derive the total ionization cross section, one needs to count electrons emitted
all directions. Theoretically, this means that we need to integrate over the two angles
defining the photoelectron emission direction. The angular dependence of spherically
symmetric electron wave functions are given by spherical harmonics. The orthogonality
of spherical harmonics dictates∫
dΩYlm(θ, φ)Y
∗
l′m′(θ, φ) = δll′δmm′ . (A.2)
The consequence of the orthogonality is, that the total two-photon ionization cross
section does not contain any interference between different ionization channels with
a different final photoelectron partial wave. The Orthogonality of Clebsch-Gordan
coefficients ∑
m1,m2
〈j1m1, j2m2 | jm〉 〈j1m1, j2m2 | j′m′〉 = δjj′δmm′ (A.3)
allows for further simplification of the total cross section expression.
To obtain a density matrix from a statistical tensor, the following transformation
may be used.
〈αJM |ρˆ|αJM ′〉 =
∑
kq
(−1)J−M ′ 〈JMJ −M ′|kq〉 ρkq (αJ) . (A.4)
One of the advantages of the statistical tensors, is that they can be transformed similar
to the spherical harmonics of rank k under a rotation of the coordinates .
B Scattering cross sections
Transition rates are the typical quantity to describe any scattering process. The general
transition rate describing number of particles ns scattered into an interval pr for a unit
time and in unit volume is [166]
dWp→p′ = (2pi)3s+1n1...ns|Tp′p|2δ(Ep − Ep′)dp’1....dp’r, (B.1)
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where dp and dp’ are the initial and final states of the system, T is the transition
amplitude
dp = |p|2dpdΩ = Ee|p|dEedΩ. (B.2)
The corresponding cross section is then
dσ(s) =
Wp→p′
js
, (B.3)
with j being the current of initial particles (nc for photons, nv for electrons, where v
is the velocity of the initial electron in the nucleus frame).
For two-photon ionization, we have s = 2. Hence, the angle differential cross section
is
dσ
dΩ
=
8pi3α2
ω2
|Tp′p|2, (B.4)
where the normalization factors 1
e|pe| and
e√
(2pi)32ω
of the photoelectron and photon
wave functions have been taken out of the transition amplitudes.
C Radial integrals
The key component of the one-electron transition amplitudes (2.20) are the radial
integrals of the electron wave functions (Eq.(2.22)). In the transverse (velocity) gauge,
these integrals are explicitly given for the magnetic (p = 0 = M) transitions
Rκfκi(MJ) =
∫ ∞
0
dr
κi + κj
J + 1
jJ(kr) [Pi(r)Qj(r) +Qi(r)Pj(r)] (C.1)
and electric for the electric transitions (p = 1 = E)
Rκfκi(EJ) =
∫ ∞
0
dr
{
−κi − κj
J + 1
[
j′J(kr) +
jJ(kr)
kr
]
[Pi(r)Qj(r) +Qi(r)Pj(r)]
× +J jJ(kr)
kr
[Pi(r)Qj(r)−Qi(r)Pj(r)]
}
. (C.2)
In the length gauge, this integral is given by
Rκfκi(EJ) =
∫ ∞
0
dr {jJ(kr) [Pi(r)Pj(r) +Qi(r)Qj(r)]
+ jJ+1(kr)
[κi − κj
J + 1
[Pi(r)Qj(r) +Qi(r)Pj(r)] (C.3)
+ [Pi(r)Qj(r)−Qi(r)Pj(r)]
]
.
In the above expressions, jJ(x) are the spherical Bessel functions.
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